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ON THE MOTION OF ISO-SURFACES IN 4% SN : 


FLUID MEDIUM" (o CERTS: 
: m Mal 
Y b CPER RE 





- 8. K, Banzru, Caleutta, 


A method of analysis which has been found to be of great value in fcrecasting 
changes of conditions in the atmosphere may be-of interest to students of fluid dynamics. 
The energy transformation that takes place in the atmosphere due to evaporation, 
condensation, radiation, absorption of solar heat introduces very great complexity in the 
dynamics of air motion. Yet it is possible to calculate the motion of iso-surfaces for 
short periods without recourse to complicated mathematics, By an iso-surface I meen 
an isobaric surface or isothermal surface or any surface along which thè value of a 
meteorological element remains constant 


If the axis of z be drawn towards the east, the axis of y towards the north and 
the axis of g vertically upwards, then 
p = p(z, y, 2, f) = constant = C, 
will represent an isobaric surface at any instant ¢ We assume that the surface is 
moving in a continuous manner and we want io find the displaced position of the surface 
after a given interval of time. We need not consider the displacement of an element of 
the surface tangential to it, because the tangential displacement is of no consequence 


80 far as the future position of the isobaric surface is concerned. We need only consider. s 
the motion of the surface normal to itself. 


If V denotes the velocity of a point on the surface normal to itself, we get at 
time +58, 


! p(z4lVói, yrmVdt,-2tnVst, t+8t)='C, 
where l, m, n are tho dircetion cosines of the normal at (z, y, 8) on the surface. 


Therefore, 


J V(BLe mEn) J= o a f 1 H ; 
e gus m» o Sp ^ ! ees ENS 
a ie y =% or i Ee QUT 


5 auy aW 
where 5n. [s an element of the normal to the surface ab (z, y, 4). The velocity, there£»re, 


„varies directly as the barometric tendency gnd inversely as the pressure gradient, “° W 


3v “3G 


If A,, A,, A,,...represent the first, second, third,...differential coefficients respa- 
tively of the displacement S of the isobaric surface normal to itself, then A, is sequal ' td * 
the velocity V, A, is the acceleration, etc. Now, JU 


x 


* An address delivered at the Annua] Meeting of the Calcutta Mathematical Society in January, 1980, 
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We see at once that with a system of axes fixed to the moving surface in question, 


Dp Lo. PY 19 
Dt ’ De 
Therefore oP , yor = 
ot On 
6 ep 9'p Ly: v A, op ER 
and ET uid yi + n 0. 
=—( 8€ poy 9 P, «v BT) [8 
Hence As (3 +2 zal Sa? a" 


Ina similar way we can find the third, A,, the fourth, A. and higher differential 
coefficients with respect to t. 


The displacement S of the isobaric surface along the normal will be given by 
S = Vt+4A,t? +44, + 
If we want the displacement after n short interval, the first two terms will give 
fairly close approximation, > 


If observations of pressure be tgken every three hours or every six hours of G. M. 
T., we ean draw charte giving the isebarie surfaces'every three hours or every six houra. 
When we have three such consecutive surfaces, it is possible to obtain the values of 





|o wm 2 My : 
ep, oe, a i zl ? se and to caloulate V and A, with the help of the formulae given 


.8bove. Consequently we can determine the form of the isobaric surfaze at any time 
following these three observations but before the time of the next observation. 


e Bimilar procedure can be adopted for isothermal surfaces or any other iso-surfaces. 
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» 
If we want to determine the motion of a point where the pressure becomes 


maximum or minimum (or what in meteorological language"is called an anticycione centre 
or a cyclone centre) the formulae would need some modification. 


In this case, if the axes be drawn with reference to the singular point, 


8p op Op 
ALL 0, = 0, =a 
Ox Oy Oz 
The second order differential coofficients satisfy the conditions 
Sp 8!p |: By . 
ge 2% ES EO LIO 
according as the pressure at the point ia minimum or maximum. 


If Va, Vy, V, denote the components of velocity of the singular point, we geb 


e*p | 8p i25 gu Jom zii pef p 
p mE AW! Vy EU A er A2 Y, puri ara | 
Qrot! Ox’ ayt! Gy? 8200] dz? 


The velocity of the pressure centre is, therefore, proportional to the isalobaric 
gradient and inversely proportional to the steepness of the pressure profile, 


The compcnents of acceleration Az, Áy, A; are oasily found to be 


A --( ep „Sr 292. S2 )/(98Y 
* axdt? Ga? Ldt” rdt 3r? 





ayee SE Sp ub co VI (9EY 
7 SyoP "Gy? ayot dyt dy 

A --( Op: OP yp Op. (Y 
* Saat? ' O4! Ort Oat 883/^ 


In the atmosphere, the pressure decreases with height. Itis, therefore, usual to 
determine the motion of the preseure centre on a horizontal surface. 


Movement: of surfaces of discontinuity. The surface of discontinuity, "which is 
supposed to be a surface of separation between two air masses of different densities, is of 
finite thickness and is inclined at an angle @ to the horizon depending on the difference 
of the densities. If p,, p, denote the pressures at the two sides of the surface of dis- 
continuity 

chu. Bs = - glor ed, 
@:1, 0; being the densities of the air masses. So long as the front (or discontinuity) 
maintains its characteristic existance, o, is never equal to e,. Therefore, €p,/Oz is never 
equal to Op,/Gz. i 
&t the surface of discontinuity, the following conditions must be satisfied :-— 


(1) The pressure on the twc sides of the surface must be equal, but not the pressure 
» 


* 


gradients. 
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v 
(2) The velocity components (V,, V,) normal to the surface must be equal on both 
sides, E f 


Thus Pı- Pa = 0, V,—-V, = 0, 


The velocity of the front in the direction of the normal is given by 


cb SI) 
T E an On / 
The velocity is greater the grepter is the difference between the tendencies on the 


two sides of the front, and the smaller is the difference between the pressure gradients. 
A front is stationary only when . 


8p, — Op, 
ot ot’ 


or the tendencies are equal on both sides of the front. The acceleration A of the front 
is given by 


t Op, O'p, ) ( Op, 9, ( op — Ps] | ( — SPs ) ina 
p -[( att at KM Dnot nət BE on? Ow On 8n $ 


Deepening and filling up óf a depression. Deepening or filling refers to the pressure 
in a moving system of coordinates which is fixed to the moving pressure rystem ona 
horizontal surface. The connection between the pressure variation in u moving system of 
coordinutes und a fixed system is given by 

Dp Op 
pe. 8! + V. Vp. 

This equation shows that the pressure variation at a fixed station 18 composed of two 
parts: (1) one which is caused by the movement of the pressure system, and (2) one 
which is caused by deepening or filling. Ina moving system of coordinates the pressure 
variation when expanded in Maclaurin’s series is given by 


Dp ) (PP ) iat ran . 
=h w t ILU E x 
Ap ( Dt /« +4 Dt? fe : AREA £e. T 


neglecting terms of the thnd and higher orders. 


The expression is equivalent to ° 


Ap =(2h+V- vi), xa 92 23V oh oV vp V. v(V- vil? a 
ot at al t 


At a pressure centre, [vp], = 0. 


For a horizontul surface, Ap reduces to the form 


"a oe) [97 ep ep 2 O*p Sp i j Sg 
A -( t+} +2V, v, 72 oP yg €T, 
EAE. Z "Seat "sya Ps a Bade Sandy E 
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When the axes are chosen to be two lines along which there is either maximum or 
minimum of curvature of the pressure profiles, the last term vanishes. The integral of 
deepening or filling per unit time over a surface is given by 


[5 do = odo + Sve Vp do 


If i, j be unit vectors and i coincices with Vp, we have 
Vp = (Op[0h) i. 


If dp — 1, then dh is the distance between isobara differing by one unit of pressure, 
say, a millibar. Also . 
E do = dh ds 
ds being an element of length of isobar. 


Therefore, : 
[V vede -fv.its = V,.i[fdsz0. 


Hence . : 
EG DP ag = ae. 


The deepening or filling over the area between two closed isobars is thus equal to the 
planimetric value of the barometric tendency in the game area. E 


In a system of coordinates fixed to a moving isobur 
Dp/Dt = 0. 
Therefore, Op/0t 2 —V . vp. 


Hence if isobars be drawn ut intervals of unit differences of pressure, 
so that dp = 1, 


Pae =— |V. = f .Sn)a =- f „ids =— lå 
bde =- fV. yp do = f(-y ĉi) äh ds Vids = A, 


where A is the area enclosed by the isobar. 


Therefore, when the area enclosed by a closed isobar is contracting, the depression 
is deepening and when the area is expanding, ib is-filling up. 


These and other derivations that can be made by pursuing this method of analysis 
have wide applications jn,atmospheric motions. 


Motion of deformable systems. These principles can also be applied in finding 
approximate solutions of problems involving the motion of deformable surfaces in fluids. . 


Consider, for instance, the problem of the horizontal motion of a spherical mass of 
air initially enclosed in a spherical soap bubble and moving through still air with an initinl 
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x E p 2 ` z = 
velceity U,. Although apparently simple, its solution involves complicated mathematics. 
We can proceed to get approaimate solutions from the followmg considerations. 


The fact that initially the bubble had spherical form means that it had uniform 
pressure all over its surface. At t= 0, the isobaric surface is therefore a sphere of 
radius a, a being the radius of the spherical bubble. 


Sinee according to the general principle, the initial motion may be considered to be 
that due to a double source, the velocity potential e has initially the form 


id g^ 


wt = um 
e Ae di cos 8, 





where o = kfc, c being the velocity of sound. If T be the time taken by the moving 
mass of air to come to rest, T will be equal to the quarter period, and therefore T = ir[c. 





We have also -2 = U cos at r — a and U = U,evt. 
2 ia 
Henee A d gan -U,, 
da a 


; _ (2-ka? — 2.ka) Ua? es 
i os 4+ ktat i 
The pressure p on the surface is given by 


P = Pot 0o? 


d e-9« 
= p,tiog,d.—- — . cos 0 awt 
Potet d 


=p, + Tat [axe —i?a*)e U 


+ (ka? — 2k?a* — 2a) x ] cos 6. 


The wave-length 27/k is large compared to ‘a. Therefore all the terms in the above 
expression involving k can be neglected. Hence, . 


š dU š 
P = p$—iea dr 5 8. 


The expression shows clearly that the pressure gradient, p,—p, is positive in the 
direction 0 = 0 and negative in the opposite direction @ = s. 


At a point (r, 9), the pressure is given by 


A d e7r 9 4 
= potir — — cos fer, 
p Po Co Ae T 
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The expression reduees to the form i 


P = Po +404 





| gin k(r— a) eU C98 k(r—a) dU 
2 


T? dt ] pont: 


For points near the spherical surface k(r— a) is a small quantity. 
Therefore at such points, 


This expression enables us to draw the isobaric surface p = constant = p,, after 
an interval of lsec., that is, att = 1sec. In making the computation, U is taken as 
U = U, cos ct, involving the real part of the time-factor, and a, U,, T to have the 
experimentally observed values. From this isobaric surface and. the isobaric surface at 
120, we can calculate the velocities at a number of pomts on thé isobaric surface. 
Since ôt = 1 sec., these velocities are proportional to the normal distance between the 
two isobaric surfaces, Using these velocities we can get the displaced position and the 
form of the isobaric surface at t= 2sec. Proceeding in this way we can get the 
positions of the isobaric surfaces after each interval of a second. The method, however, 
involves greater and greater errors in approximation in each successive step. The observed 
shapes of a section of a spherical mass of coloured air ejected horizontally through still air, 
and the shapes of sections of computed isobaric surfaces are shown in the figure 
(see page 7). We obseive that the movement disturbs the initial equality of pressure 
on the surface, The continued deformation that takes place is the result of continued 
attempt to reach equality of pressure again on the surface. When this is attained finally, 
no further deformation takes place. 
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— TRANSFORMATIONS OF HYPERGEOMETRIC ^ 
FUNCTIONS OF THREE VARIABLES ` ^ 


By ds 


Santi Saran, Lucknow, U, P. 


(Communicated by Dr. S. C. Mitra— Received April 29, 1954) 


1. There are several methods for obtaining transformations of hypergeometric 
functions of three variables. 

Firstly, by transformation of the hypergeometric series. When the triple series is 
rewritten as an infinite sum of hypergeometric functions cf two variables, the known 
transformation theory of such functions can be applied to each term. This method is quite 
simple and, in a limited range, very effective for discovering transformations as well as 
proving them. : c 

Secondly, by transformation of ihe systems of partial differential equations satisfied 
by the hypergeometric functions. This method, though simple in theory, is rather 
laborious in practice and not very useful for discovering new transformations. : 

Thirdly, by transformation cf the integrals representing the hypergeometric func- 
tions. This third method will be applied here to prove a number of transformations, 
Some of these transformaticns have previously been obtained by the author [Santi Saran, | 
by the first method. 

The functions Fg, Fa, Fy, Fs and Fr are defined as. 


Fale, Bi Bo Bas Yo 135 Zs Y, 2) 


=> (a, m+n+p)( 1m) (Bas n)( EE D) mna E ; (1) 
. ) . 


(1, m), n)(, p)(y1,.7) (ya, nt p 
Fula, ^s; 8^, 85; Yu Th; T, y. 8) 


=> €i; m) lag, n+p)( , m p) 2: n) ony nae (2) 


( 
(1, m)(1, n)(, p)ty,, m)y., n+p) 


F fas, ag, as, B'o Bas Yo is z, Y, 2) : t 
(a;, m)(a5, n)(a,, p)IB,. m Y P) (Ban) pmyngy (8) 
(1, m)(1, n), p, my, np) 7 

F(a, a's, 85 85 B33 ¥415 2, y, 2) ` 


=> (24, n) (23 n - pfi, m)(8,, n)(Bs `p) gmyhzh (4) 


(1, m)(1, n), p)(q,, m np) 


and EMG Fra, üt 8^, Bas "A z, i, 8) l wee m 
den - 25 m)(o,, n pyfg,. m PBs n) m. jp (8) 
(L, m), n), py, mn p) àOUR 


2—1986P —1, 
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DAYS SS takes the values of m, n, p from zero to infinity ’s should 
not be negative integers. The numbers (1, 2,8) are associated with (m, n, p) so bhat 
F(a, %) means '(«,, m) (a3, p). Dash (’) is used to denote more than one sum, for 
example, F(a’,, aa) mean (a,, m t n)(us, p)[#(a,, m+ p)(os, n) because 2, is associated to p]. 
Similarly F(a,, «',) means (a, m)(z, +p). Also F(«',) gives (z,, m EF n-r p). Dashes only 
indicate the places and therefore they are not marked on the right hand ede. Further i} 
lz|«r, [|y] « s and Je |« t, the domain of convergence of each function is given by 


PP Gissic jae voters rt3s=l | Fay... r+t = | 
rti=l Cu i 


and Fo... t= 7-184 8. 


where (A, S)& 


The integral representations [Santi Saran, l. ^.] are given by 


IY LY 31 (8,11 3—7B2— TX 12B) Py 
000 PEY) 


Sf] uPi-3yfi-3pBi1(]—0)7&-1(] — v — w)n757871(] uz -vy — wz)-*dudvdw 


R(y;) > R(8,) > 0, R(y3) > R(B,-- 83) 20 where R(8, > 0, 
R(g) 22 0, v 2 0, w 20, v tw l, oto to" <1. 


P(a,)T(2,)T (4; 7 a) EP Gra 7 93) F 
Teh) 


1 pl: 
=f f us-igs-1(I- ujna iL ore (Loy) P1 — uz — va) dudo 
0 
Rly) > R(z,) 2 0, R(y2) > Ré) > 0, eter <1 


T'(2,)T(v4)T (as) (yi — a P5 — 9a 13) Fy 
DG) Qi 





= f [ [emn nen ne nnn me HC ce ces) hdd 


R(4) > R() > 0, Rlya) > R(a, td) > 0 where R(2,) 22 0, Ras) > 0, 
Qo <1, u>0, w>0, tw x 1. 


T'(g)L (821 BTY: E Bi aa Ba — Bs) Fs 
IQ 





KS [if [etm -u—77 =) Bi- Ba Bs-1(] — ur) (1—vy —1Wwz)-^* dudvdw " 


Riy) > R(8,*8,*8, 20 where R(8,) 22 0, R(8)) 0, RBs) > 0 
uw>0, v ZO, wQ, utot al, +e Kl 
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Fs 


= f [aus a- uz)-^(1— vy)-5(1—v2)- dudo 


R(4) > R(,+4,) >0 where R(a,) > 0, Re) >0 
uU>0, v>0, utv<l, 


I(gJT6)I(y,—8:—8) p 
D) j 


and 


= f [iom (1—u—v)n-A-5-1(0 —vz)-« (1 —7y —va)—adudy 


Rí*,) > R(8,+8;) > 0 whore R(8.) >0, R) >0 
uÉO,vlI0,ucv-l. 
Throughout the integrals ıt has been assumed thab|z]-e,|yl- v and [2 |< 
2. Consider the integral 


J| [97 m yemas cup hus ey we) dadodu 
Put v = s(1—1), w = st, the integral becomes. 


1 41 
f f J UAL Igfit - 15 71(1 — u)n7Ai-1(1 — sj 7-1 (1—12)&-1 x 
0 “o "o : 


(1 — uz —8y + sty — sta) -idudadt 
Now (1— uz —8y + ety — stg) : 





























x o Yen - y)?s"im(1— uz- “g-m : y 

(i) "cem 2 (2 — y)"smi"(1—uz—8y)-«-m if 7 «1 
Ñ m -oa -m]1 _# m. Y g 
A Ts y"^(1- uz) {1 (1 =) ito} + l<: 

Sy a—y : : 

using (i) it anata we obtain 
2 5. die wf [ ['ochninas- NS 1 (E cu)s- fi-1(] — m7E- Bs~1 X 
m 


ü-05- I(1— uz — sy) 5-9 dudadt, 


Evaluating the integral for t and using the integral for F, [Bailey, l.c,] namely 


TBE enr - gr 2 Fa, E m 1 dE ? 
Tn D % Bs BG Y qm y) 
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l fl Es 
=f Í ul -igf-1(1—u)-78-10 ~v) -8-1(1—uz-— vy)-*dudv . 
o `o 


provided R(y) > R(g) 2 0. Rt’) > Ríg'j > 0. 
we obtain, if R(y,) > R@B.) > 0, R(ya) > R(Ba +$) > 0 where 


Zy 


R) > 0, R@)>0 and | t |< 














$e m) — y"u T (Bs +m) Q4) . Tb, yr (8. Fg, m)PG, -8V (Y2 e as ) 
Fi (1, m) T (Bat Bs +m) UGG: +m) 

x F(a, +m, Bir Bat Bat ms 45 Ys m5 2, y). 
Hence Falsi, Bo Ba 85; Yu Ys c, y, a). , 


(a, 7) (Bas m) 


my, (1, m) oe m) (e — y)" Falot m, Bo BatBat; Yi yet m; 2) 


Expanding the series on the right hand side and putting y = 4," we geb ~ > 


Fala’, Bi. Ba Bs Yo Yai T Y, y) "^ 1 
= Fa; Bo Ba B3; To Tui 2). [Santi Saran, Lo.] |. 12) 


Further using (i1) we obtain, if + 


-g 


-T 











«1. a : i E 





a O EE i 
] f [oaae x 


0 "0 "0 
S (a1, m) my -am ( LE ) : 
2 y^ y "(1— uz) "Mee 1 j j dudsdt 


Evaluating the integral for 8 and using the relation [Appell eb ‘Kampé de Ferriet, 
1926] 


I(SP(—75 P la gy DE: 
UOTE sFie B; Y; z) 


‘ l i a 
= | usc X1 —u)?7 *-1(1— uz) Pdu, R(y) > R(9) > 0 


we obtain Fale'i Bo 833 Yo Yai 8; Vs z) : S 


, m)(8. + Bss m) : 
-$1 "tm pecie JP ms Bi; ui mao m, Bs; Bat Bai lcs y^ (2.2) 
gndd eo se s 
provide Ld + i- 255b : 











being the condition for changing the order of e and summation : 
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using Euler's transfomution [Appell et al., 1926] E 
F(a, b; c; 2) = (172) F(a, c—b; c; —#/1—2) 
we obtain, after applying to each of the hypergeometric function ,F,. 


= (1-2) yfa7 Pis, -8, BF Bs, % B5/*; Yu Yas B. Bs ic iL (1- 21) 
(2.8) 
— sBu- Bi a, 1A)(B t£, m) r d Pix 
y >! (1, ma m salio Bur eS . 
X 4I (Bo -- Bs m, 853 Bat Bs; 1—y/2)y" (2.4) 


Similar other transformations follow by _using the other Euler's transformations 
[Appell et al., l.c.] 

In (2.2) and (2.4), putting 2 — 0 or y = we obtain the transformations (1), 
[Appell et al., l.c., p. 85] but in (2.8) we only get (9) [Appell et ai., L.c., | 


Further if-we make substitution 
v-—1-—8, w= st 


the integral takes the form 
l pl pl 
f f [mma a - gea mph 
o o "o . 
(1—y—uzs + sy -—ste)-ududedt 
Here (1—gy—uc4-8y — 8t2)7* 


2 Ñ omm T E Sacmiq ct 
= Aa y)P(1—y-— uz) (: "D 


provided y 


1l-z-y 








ped 














under this condition, after evaluating the integral for 8 we obtain 


Fa(2,; Bi» Ba; Bs 5 Yu Ya; z, y, 2), 
x ) 7 
x 
me =y 


i a-9- dcr) a (im. Blu 1 
» 2 (=m, Bs; Ya— Ba; TEDI - (2.6) 





If s = y, then by virtus of (2.1à) we get result (6) [Bailey, 1935, p. 78] 


Again using Euler’s transformations [Appell et al., l.c.] a number of transformatiorts 
follow. 





* (8,, m+p) 


: {4 $ 45 g. BARAN 


3. Again consider the integral 


SS [omma =u) »-1(1—v- wrae L — vy) P — uz — wg) Pdudodw 
R() > R(,) > 0, Riy) > R(a,+a3;) > 0 where R(z;) > 0, R(a,) > 0 
v>, w>0, viw sl. 


Making the substitution v = s(1-t), w = st, the integral becomes 
1 pl fl 
Í Í Í tei ges Ijal] — u)r aTi (]— 87s 7711 — 071 x t == 
o 'o "0 


(L—sy + sty) "(1 — uz — :t2) "Pidudsdt 
now (1—sy sty)- = [1—sy(1- 0] 7 


(85, m) pim. 
= > bn ng — Dn 
A (Lm) 8 y ) 


valid it [ y | < 1, the change in the order of integration and summation will, therefore, be 
valid under this condition and therefore we obtain 


] N (Bi, m) 


1 pl fl 
a. a y f Í Í uun lgeebestmi7 148 71(] — u)r TaI 2i 8)jn7 "72.71 (1—t)st"-1 x 
m= 0 0 0 


(1— uz — st2)7 dudadt 


using the integral for Fa [Bailey, l.c.] namely 


T()E (EP 7 8T OY ^ 8) p c, ; 8, pny; 
TQ) T) Fifa; B Pin Yo m 9) 


1 1 
= f J uB- ipf X1 - uyr- 0-1 (1 7 9) -P 31 — uz — ey) "*dudo,, Lese ^s WB 
0 0 


valid if R(y) > R(g) > 0, R(') > R(8) > 0. 
Then Tere Fy(9,, az, a5, Bas Bas Yo Yai T Ys £) 


= (Bs. m)(ag toa m) m . Y 
ÉD ü mg, m. ^ 


1 
f ia-i(1—t)etn-1F,(Q,;; &,, Sot 4, Em -Yi otm; T, tz) üt 
0 R 


valid if R(a,) > 0, R(v;) 22 0 and R(a, +3) > 0 
Using the transformation [Baiiey, l.c.] 





Pile; p pm ü.-2)-r (s; 1-8 Pv Y im +) 8 
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. 
Fyle, 5, 95, 8^, Bas Yo Y1; 8 y, 3) 
= (1-2) y(4,- , 1%; B^, ; sYa m , i 
( ) N| YT Zis 24 si Bu Bai To Yaiq—5 Wp 


[Shanti Saran, Lc., identity (5.18*] 


Further substituting v = (1--8), w = st, the integral becomes 


f f [ecw 9i7lfa-1(] — urma i(i — s)a- 11 — t)n7« aal 
x (1—y t 8y)7 ^(1— ug —stz)- Pdudedt 


Using (1) again we obtain 


l * =P 
T( 47 94) D(a.) Fy = (ya f suce csi 8y ) em 
) | icy | 

F,(8, ; 91,72, 5 Y1, 3 24; £, 82)d8 


Using the transformations of F, [Bailey, l.c.], as before, we obtain 


Fry(a, Xs, 0. i 8^1, Ba; Y» Ya; £, y, 2) 
| —í(1—- —z)- &(1— y) ^x 


( 
s: y ire Pee nas p) eee ete pie pe Se, 
. 235 , 0), 9), 1) (Ya, p) 2 iE S.D; Ya tP y- x 
| -xr \/ z2 Y 
(55) (4) oy 
nd > | Gy m+ PM = ay f) aat p) y 
x=0 poo (1, n)( (L, D)(vi, 1) (Ya, P) 


Fnit pi Ba Bitn+P; YatP; 








= -g)- S! unir is Qis n)(,—24— — 45, p) x 
n=O pa (yn n), P)(Y1 n). D) k 











= $ : i eens | @ L2 € a zy (B.8 
Fs, SUPPE Dy nep; E, LEX iG (8.8) 


From (3.2) we find that for Ys = aat 04 . 
` Fyle, oa, as; B^ Bai Yo aatas: m. y, 2) [Bailey, Le.] 





= (L—9)7^ Fav, 2/5; Bar 8^; Yrs 93 t 7,5; T, a 





T (1-9) PP u( 7, z^. 8, Bz; Yis tatas; iz zx 2 ) 
from (8.8) E F : . 
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Also a, = 0 in (2.2) leads to relation (19) of Appel et al., l.c., p. 85. 


Again putting w = 1-8, v = gt, the integral takes the form 


1 pl pl 
a aca a ae ca 
"o "o “0 
(L— sty) - (1 — uz — z + 82) Pidudadt 


e n 1 pl pl 
= (1-2)-8.> {Bas mie f f Í asi clgr eb lest 1(]1 — u)r] x 
m (m) o 0 0 


a B. 
— g)S,-1(1— 47 «370471 —- US T Se ) 
(1 8) ( t) (a IZ i 





valid if |y] <1 
' — Using the integral of F; i.e. (1) and evaluating the integral for t, we obtain 


Fyle Gs, %33 en £i; Yi Ya; T, Y, 2) 


= (l-#) a | sa Ba, my” ACTES Y27 «4 Yis yim; a, a) (8.2) 


z (1, m) (ya, m) l-g 





-If Ya = a+ 2, we obtain the known result [Shanti Saran, l.c , identity (6.2)]. 
Again 
mn 


ý f 
(1—uz—waz)? = ex eun — uz)" (1—1w2)? (8) 


Writing this series for (1 — uz - wz)? and using the hypergeometric functions aF, and 
F, for their respective integrals we obtain 
Fyles 25, 833 — P^; Bas 1v Yai T, y, 8] 
mtn-D 
zí(-P = i sFi(- m, 2,; 4,5; €) F, (Bs. =N, 93 F3; Y2) Ys 2) (8.5) 


= Le. d m) (1, n) 


(i) Bı = O lends to result (15) cf Appell et al. [I.c., p. 86] 
4. Consider the integral f 
Aa a num —vy —wz)- sdudvdw 


R(1) R8. Ba tB) > O where R(8) > 0, R8) > 0, RBs) > 0 
u> 0, v>0, w>0, u+v+w S1. 


Fut v = s(1- 8) w = st, the integral becomes 


Sf a £i7 1g. 83 -118.- l(£—u-3s)n7 B- B- Ba- (1—= -1[5- x 


(1—uz)-*(1—8y* sty — stz)- sdudadt 
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~- Writing -(1—8y + sty — stz)- 





(i) => e 23 — ser E 1 valid if EET 
(i) =) Ca T gmym[1—1(0— 2/0)" valid if |y|*iz| «1 
m=o? 


using (i) in the integral and changing the order of integration and summation if 


8-31 
ji- 


Ca m anf fp Bim 1gBi f m ~ 148ykm- ly 


(L—w — 8)%~Bi- Be Be 3] —0)&-1( —uz)7»(1—3y)7 97" dudsdt 





n mOsxszl,0z;iszzl,wegot 


Evaluating the integral for t and writing F, for its integral we obtain, finally, 
Falo 2i, 1g, 81, Bs. £5 v! >T, Y, 2) 


-$ San m ee (a y) "Fio, 714m, Bu Bat Bot mimi m y) (41) 
1! 


Expanding the series on the right hand side and putting y =z we obtain 
F'glo,, o'a, Bis Boy Bai Yao T, V, a) = By (7, 58i 84-8 ; £, v) 


Again using (1) and changing the order of integration and summation i£ [y] -| 2] «1 
and for writing s = (1—42)p, the integral becomes 


{oa m) m) I Jr f ui 1186 71yB8e8m-1(] — u) htm=] — t Aa} x 
<x, Sm) m) : 


(1—pjm7&-7575.71(1 ~ux) (1— HL ey) "dudtdp. 
Evaluating the integral for p and writing ;F, for their respective integrals we obtain 
Fs(u,, o's; Bi, 82 85; 15; z, y z) 


"255 eS HT Maho inem n Fm Bai Ba + Bas l~ 32 (4.2) 


(1) «œ, = O leads to result (8) of Appell et al., "[l.e., p. 84] 
Further applying Euler's transformation [Appell et al., Le] 


tla, b; ¢; &) = a- 97S (r-a, bic; 1- pt.) 
to the second hypergeometric function, we obtem 
Fesla,, 2^5 Bi Bas Bs; Y m Ys £) . 
S ziy RF y (Bs, 91, 735 Bis Bot 9^5; Bat B5; Yilc-ufs æ, y) (4.8) 
3—1985P- 1 
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Two more results of some nature can be obtained by using the other Euler’s trane- 
formations [Appell et at. l,c.] 


Similarly applying the above transformation to the first and second hypergeometric 
functions and putting y, = a; +2, We obtain 


Fs(z,, 13, Bis Bs, Bs ates; t, H, &) 
= (1—2)752-fybz Fs, Bs, Bis Ba + B's; Yio Mg tas; D y, l— 4) (4.4) 


8, = O leads to result (9) of Appell st al., [Le., p. 85]. Similar other transforma- 
tions can be obtained by applying to both hypergeometric functions Euler’s other transfor- 
mations [Appell et al.,lc.,]. Thus making ull possible combinations we get nine trans- 
formations of the same form. 


Further let us substitute u = 1—s, v = st in the other integral for Fs namely 
J| (1—u—v)n7*s7*s71(1—uz)-A(1— vy) &(1— va) -Mdudu 


B(y,) > B(a, * 4,) 22 0 where R(a,) >0, R(2)>0 


we get 1 fl 3 
f f gn7e71te7l(1— 8)» 71(1—0)n7«7871(1—z + 8) - (L— sty) 2 — sta) -P dadt 
0 0 
Using F, [Bailey, l.c.] for its integral and applying the wellknown tranaformation 
Pia; BB'S v, 152 y) 


= (1-2)-5(1— ^ Fra; a Ex ^ IL c) 
y^^ Pi y-25 8,8 yy ea er 


and using the hypergeometric function Fp [Appell et al, l.c.} for integral: Ser writing 
down the respective series of F, we get, anes: 


Pola = ET Bi Bas Bs > "A i ni, Y, 2) 


z(l-a)- dn oen yt -2z AM » (4.5) 


1, n)(l. p) (yı, n v) 


r 


-- 


n=0 pa 
s S7 TFI nt; e rape Bstp; aun Se we »)-£ 
(i) y= a, +33, gives Ps(x,, fa, Bu Bar Bes Xp xX.; 2, a, 43) o o a, 
= az ar^ F(a} Bi, Ba Bs, 2, *2,; DP y. D NE 


(ii) z, 20, gives F,( 4; By, Bs; fii y, 2) 


(Ly) ^U - 975 Fn —,; Bas 5n = =) m 


a wellknown transformation [Bailey, l.c. ] 
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pi Similar olher tratsformations follow by using the four transformations of F,. 


m+nmp 


Further (1—vy —wz)? = c» > gs —vy)^(1—wz)", 


Using this and writing Fg[Appell et at., l.c.,] for its integral we finally obtain 
Fs(e,, — p'. 8; Bo Bs; Ya T: Y, 2) 


mia 


p 
` (—p, m+n) : o. 
= (—)? Aba HET I E B 
C) 2 oU m) (1, "uu Ba 85; 41, =m, =n; yi; z, Y, a) 


mTw- 
(i) a, = O leads to result (14) of Appell et al. [I.c., p. 30] 
"'8, Consider the integral for Fr namely 
f [2 —u-—vy-&-5-1(1 —vz)7* (1 — uy — vz) »dudv 
R(y,) > R@®,+8;) 2 0 where R(8,) > 0, R(B) >9 
uwIÉI0,vlÉ0,utvzl. 
Making the substitution u = se(1—1), v = st, the integral takes the form 


1 pl 
Í f Prt E118 -1(1 — 8) 7mp- (1 — t)5-1 (1 — sta) s (L — 8y + sty —8t2) dedt 
o `o 


Writing (1—-sy +s8ty—stz)7% 


a N (25, m) nim a yuyal] — 94) s.m 
€ =$ Ce Danma- y-o) 





valid if iy <1, in the domain of s and t 


(ii) > e ph-(- 3 i = 


CN 





valid if [y [l2] « 1, in the domain of e and t 
using (i) and writng „F, tor its integral, after reversing the order ot integration and sum- 


£—y 


1 <10<se@<PO0stsl, we get 
-y . 





malion under the condition 











Piy -B -BITR + Ba) o, ND (os ba gym 
Fa) d EU "dni ca 


ne 
1 . 

J| imma append imag) Fs Bath; Bonbons 

0 


Rly) > R+) > 0 where R8) 2 0, R83) 20 ' 
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Again applying Euler’s first transformation [Appell etal., L.c.] and writing its 
corresponding series we get 


-$ by 91) m)(zs, n)(p, m )iBa, n) y)" ( —zj? x 
(1, m), n)(B B, m n) 





f gÊ: + Byte i —gyj-7&-&-1 (1 —8) "7" (1 —8y)-*7*ds 
0 


Writing F, for its integral we finally get 
Fr(ai, as, 8 5 fa; is $,y, z) 


= LSE (x , n) (Bi, m)(g D n) pM a LM. 
-$ S: as AT (i, n), EU) penes s sent) 


F(8,--8,--m n; atm, agtn; ytmtn; 2, y) 





1 


Deductions : — 


- 


(i) «, =0 leads to result (7) of Appell et al., [I.c., p. 85]. 
(ii) Fala, x's B'i -8:5 Y: , €, y, &) 


— F(z, tas 8i —Bi Yy 78 z-y) 
(iti) Fela, Z'a 8. Bas Bi tga; m, Y, z) 


= (1-z)-«(1— -y (s, TIME = ien 


Writing (ii) expression tor (1 —sy +sty—stz)~™ in the series and writing F, for its 
corresponding integral, atter changing the order of integration and summation, we obtain 


Nee x3 Buy Bao Yai z, Y, 2) 


S Ce mitia m 3! m)!$; +B m) y" x 
1, m) [Pm m) 


yu 
f uBi- 'a-as[1-(1- :)l af j(a,, Bit Bet m; 4, 0m; uzjdu 
0 


Applying Euler's transformation * [ Appell et al., L.c.] 


alila, b; c; g) = (-a)7F;(a, c=b, c; Ë ) 


1—s 





and writing the corresponding series and changing the order oi integration and summation 
"Wwe get ^" 


: > ; £s mias, n)tyi—8i— 8s m)(g, *- Ba, n) 
E manc (1, m'(1, n), mn): 





(—a)"y"z x 
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B 


1 i g p 
f utn -Y(1—u)5-1 [1 -(1- - J (L~ ug) unnm du 
y 


0 
Ríg,) 2 0, Rí8,) 2 0 and R(8,+8,) 20 


Writing the hypergeometric function [Bailey, lc.] for F, for.its corresponding inte- 
gral, we get finally, : 


Po(x,, a's, 8^, s Ya T, Y, z) 





_ m. i (a1, m)(as, n)(y1—8, —84, m)(g,-- Ba n) (aix (5.3) 
md oi (1, m)(1, n)(y,, m+n) 

F,(g,- m; otm, =n; £i +B. m; x, l—a/y) 
Making the tunsformation [Bailey, l.c.] 


File, 8, 8; v; 2, y) 


e certe ger p, (r-a; BBS ri 4) 


we get Fela, a'a B's, Bas W132 y, 3) 


=(1- T 5 (a1, m)fa,, n)vi—fi— 8a m)(p,- £a n) ( — m) gn 


(1, m)(1, n)(q4, m +n) 


mal n—0 
-z F 
F(h; ayt m, =n; Bi +B,—m; Iy 1- z) 


Lastly if we put u = 1—8, v = st, the integral for Fr takes the form , 
ZEUG 
J f 8n -B.-1[8,-1 (1 —8)&-1(1 —ijn-8-B,-1 (1 —six)-" (1 —ytsy ~ste) dedi 
0 `o 
(1—y-8y —slz)-* 
= S (ay, m) miw grb | a -azm 
A T 8 ' d (1-9 t sy) 


valid if 2|y|*|2| «1 m Os 1, Osti 
Thus applying this expansion aud writing ,F,*for the corresponding integral we get 


TBT- 
I'(y 


= (1— ON (£4, m) (B4, m) g ym 
un 2 p ras Gey) i 


m=0 





M = 1 s —a,—fhn 
Ba E - f ataie E) Filan Batm; y,—0,-- m ; ex) ds 


prisqg— 
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Applying Euler’s first transformation [Appell et al., I.c.] and writing the series, we 
obtain after writing F, for the corresponding integral ' 


Fr(2, a's, gi, Ba; Tai T, Y, 2) 


es (ay, Man, m 7B 7s MEn) Lu s Y 
sub) > (1, m), nly, m+n) TM fen) l 





mew) ned 


F.(v,—8Bi nn, o, m, tn, y, m n; 2, —y/l—y) 


Two more transtormations of similar. nature can be cbtained by applying the other 
two Euler's transformations [Appell et al., I.c.] 


Deduction: 
(i) Fr(u,, «^, 85, Bas 8,5 m, V, 2) 


x: ü-g7*Fi(s., da ~Bar Bai bis 8 +) (5.8c 





(i3) Fo(o,, a 5, Bija Ba; Bit Ba; m, Y, z) 


= (I-y)* Fn Ba; 66s; eu (5.85) 


6. The integral for Fy 18 given by 
Das) D (a,)I'Gq;—a,)T'(y, —2,) Fy 
Do)IGj 
t pl 
= f f uan lye AL — ujuma H] =v) (1 — vy) (1— un —va)- idudv 
To ^o 


R(1) > R(z) > 0, Riya) > Rle,) > 0. 
Making the substitutions 
Q) u= l-u, v=v A 
(i) u= w, v=1-v 
(iii) u-1-—wu,v-1-v 
we deduce the following transformations 


Fulan a's B's, Bas Yo Yaj 9. Y 7) 





, . ome z 
= (L-2)-PPu(x1— an ys Bi, 8; Yur Yao izr Y, ) 





I 


, Qo Ë pas! "g 
y^ 7^ Fw(s, Yaa * a5 Bo Bas i—2 iy ih) 


tt 








. 3 £ . ~r -4 =8 
(maa) -yE tian oai Bo Bai LT po ) 
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STRONG CONVERGENCE OF ROBBINS AND MONRO 
AND KIEFER AND WOLFOWITZ PROCESSES* 


By 
M. N. Guosn, Calcutta, 


(Receiwed—Auguet 20, 1964) 


The Robbins-Monro stochastic approximation process determines the root of the 
equation m(z) = 0, where m(z) = E(y|z) is a regression function. The terminology used 
here is the same as in Robbins and Monro (1962), 


1. We assume the following conditions 


m(z)—a 
0 


1 li 
(la) lim sup = 








<Kas|z2|— co, (1b) o= f [y-m(e)PaH(y|2) e o 


where H(y[z) is the conditional distribution of y when x 18 given, This is more 
general than Wolfowitz’s condition as i$ does not require m/z) to be bounded as |2] 2 eo. 


(2) m(z) <a—n(8) when 2<6-3 P 
m(x) > a+ n (8) ae zr>6+8 
where 7(8)>0 forall 6. 
This implies that z(5) is non-decreasing function of 8. 
(B) Xa, 18 divergent and Xa? is convergent. 


These conditions allow any curve m(x) which is increasing in the neighbourhood 
of 0, though it need not be continuous at this point and such that beyond this neigh- 
borhood m(z) differs from a by at least t, and m(z)—» does not change too rapidly 
to z—6 as |z—6| increases. 

We shall show that under the above conditions, the Robbins Morno stochastic 
approximation process ] 

Vui = X4 — asta a) 


converges in the strong sense to 0 where m@) =a , 





i.e., lima,'= 8 with probability ono. 

Proof. Let E « K,((K,  K) when |2=6] > 4: (1.1) 
we then have & - 

f Try 0 = fen- 0- a,[m(es) -«]b-as[ya 7 m(24)] -< Ta 
i6., Ellz,,,—-0] lEn} = fen- 6— as [m(zy) — 0 J}? + a0. | 





*Rend in the spring meeting of th? Tnelitute of Mathematical Statistics, held in Cornell. N., Y. in 1954° 
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From (3) 3a,? is convergent and thus lima, = O and for sufficiently large n > n, 
a,K, «1 
and thus @,[ m(z,) -1] «|z4—0| when |z,—60| > 4s. 
Also m(z,)—« has the same sign as z,—6 and thus 
f(z, 8) -a,[míz,) - 3]? < (2, - 6)". 
When | 27,—-6/< 4s we chose n œ> n, so that for n> n, 
anl m(z,) — 2] < te 
and thus in this case 
f(e, — 6) -as[ mfz,) —a]}? < e?. 
We have thus 
El(z4.,—8)* 12] zz Max f| x4 —6 5, e] + aso," 


Let Za = Maxílaz,—6], e°} 
then Ef anl Z5] m Z3, rao... 
Thus E(Z*,,,| Z'n} S Zimt X AYE loa) ms) 
pom 


n 
a N gigi 
Zu Xa. 


jn", 


-— n 
EL 2 23 72 
Tay, = Zi. to? X at - Z'n 
I= 


then Ef insi 15] = Zp, to? X as - EZ. | Z^) 


pany 


n 
2 2 2 3 2 2 
d>n toe X a’, —Z’n— a6 ta 


pe Ny 


na] 
eZ. Xan-ZXd 


pen, 
= s 


= 
Hence {&abyon, forms a semimartingale with 


mn, 


æ n-i 
E{iz, IZ.) S Z'n t X a*,o? + BAZ", Z,} 


n=l 
. <fn +07 X a3, 


jh, pe a cem toe 
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Hence from the convergence property of semimartingales (See Doob, 19.8, theorem 
4.15, p. 824). 


lim an ezists with probability one. 


Hence lim zp? = 2? exists as a random variab:e with probability one. This implies 
of course the convergence of [Z4] 1.6., lim|Z, [—|Z] with probability one. We show now 
show that Z — 0 with probability one 


2. From (1.9) 
Zanr ={Sn—an[ m(e,) -—a]}-ané, where Z, — z,—6 and £, is a random variable 
with mean zero and independent of £,, £,,...£4., 


Let now 2e— 45 < 8p <C (2.1) 
From condition (2) | m(£n)— a | > a(s) (2.2) 
and from condition (1) | m(z4) al <E { znl. (2.8) 


We now chose n so large that 
daz(s) >e and apk <E <$ 
since m(x,)—a has the same sign as Z,, we have 
Zarı S Zn — üan(t) — anf£n 
Zari > Zn— a4 K Za —Onby 
= (17a K,)Z, — ânn. (2.4) 
Let now Ey: Zaz, > 5e/4 
Fy: Z,4«-898]4. 
From inequalities (2.8) and (2.4), these are implied by E’, and F’, respectively 
E’: ann <S C+ 58/4 —ann(e) 
Fu: n€y > 59/82 (1+ ank,)5s/4 > 26 
when E, holds we have the inequalities 
Zasa S Za — Ant (2) — One it(8) — Ann~ Gni6n sis (2.5) 
Zara > (174531) Z1 ansin- 
Hence Ey: 21g > 5674 and Fy: Zyay,<—5e/4 
are implied by E 
and Hs: anÉnt ansin S C+ 5E/2— a(€) (ân + ant) 
Fio G4... > 26 = 


We thus have the sequence of sets, 
1-1 1-1 
By: Z danerne SC +58/4—n(¢) 2 nes 
n=l r= 


FY: O42. a2: 222€ 
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so that oc Eqs (E SU Ei 2 Erf By NEN By 
E'N aoe NEGA Pay 2 En E... n E.nF, 
where ' E,: ZGiI5s4 and Fy: Za <—5s/4, 
Now Prob LO [E^ 0... En Fen J} 
$3 x iml 


< Prob Í 0 F b+ Prob} n g^. 
i-1 1m] 


From : Prob íg£; > 2s] < 





a*a? 

4s? 
oo a eo - 

Puob[U Fabs 2, Š at, <48 when m is large, 
ien, jor, 


Consider now the probability of all the inequalities E^, that is 
nytr-l ntr—1 
X3 af, <0 +ł45s—a(6) m dy 
PTR, - =A, 


Rytro-l 
. Since Sa, is divergent, we can make — X «(e [x(e) 


] 7h, 
for any m,, by chosing r suffioietly large and we have 
nytr-1 
X qy; <-E 
jn, 


we can chose n, large so that probability of (2.10) is less then $ô. 
Thus from (2.7) (2.8), (2.9) and (2.10) 





Probl | Z| >% F< 2. o} <8, 
PE S Saar 
ic, Prob ((1Zj1—12Z,,1|] > «| 76/4 < Zn, 01 > 1-8 
for at least one j = m +1, 2,4+2,....... f 
Let Prob [C > Za, > Te/4} = Bn; 


then  Probí]!Z;1—1Z,,1] < $e for at Joast one j = n, +1, n, +2,...$ > 84,(1—8) 


Butas |Z,| converges strongly, we have for sufficiently large n, 
Prob (|i Zji—1Z«1] >> 46, for at least one j — n-t 1, n-2,...] «à. 


n P 
Thug Bm X 1^3 


As 8 and $' arearbiterary it follows that lim 85 = 0 
Similarly if we had —7s/4 > Z, > —C we would have 


(2.7) 


. (2.8) 


. (8.9) 


(2.10) 
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lim Prob {-7:/4 > 2, — 0] 2 0 


As C and s are arbitrary, we have 


lim Z4 = 0, 

Wolfowitz (1952) has given an example in which condition (Lb) does nob hold and 
shown that the process is nol convergent. In another example Wolfowitz (1052) has 
shown that the condition (2) does not hold and the process is nob convergent. An example 
given below shows that if condition (1a) does not hold then the process may not converge. 
It may obseryed that condition (1a) is more general that Wolfowitz's condition, 


Ezample. Let H(y|z) ='1 when yzc S 
=0 - Y «x; 
Let z,=1 m(x) = 8 
t, = -2 l d m(z,) —— 
ty = (— 1)? (n +1) mí(z,) = (— 1)**1(2n +.1) 


In this case obviously the process cannot converge and of course condition (Ia) does 
not hold. While the other conditions (1b) and (2) hold. 


8. Stochastic estimation of the maximum of a regression function, 


Keifer and Wolfowitz (1952) have extended the method of Robbins and Monro (1951) 
to the estimation of the maximum of a regression function. Woe shall show that the 
Keifer and Wolfowitz process (which we shall refer to as (KW)-—proeess) is strongly 
convergent under conditions stated below, which are less restrictive than conditions 
stated in (KW). ` 


We assume that the conditions below are satisfied a x 


m) = f val a) 


-00 *" x 
3o 
e= f [y-m(e)}dHy|2)<ot<oo c. (8.1) 
m(z) is strictly increasing e <6 and strictly decreasing for x > 6, (8.2) 
where 6 is the maximum of m(z). ` 7 


fan} and {cp} are sequences such that 


ty > 0 a8 n > co i (8.8) 
Xa, is divergent (B.4) 
E (an? [c4?) is convergent - (8.5) 


There exist o and R such that . 
[zr |< implies | m(z) 2 m(z")| — R. l (8.6) 
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For every 8 2» 0 there exists a positive n(5) 


euch that, ]2—0[2» 8 implies inf mi camur eee 7(8) (3.7) 


g 
48 >e>0 


Wolfowitz and Keifer assume two more conditions which are not needed here. 
Dicya, 18 convergent, (8.8) 
1z'—6|4- [27 —6|« 8 implies | m(x) ^m(z") | > Biz'-z" (8.9) 
for some B and B, which is a Lipschitz condition. 


The (KY) process is defined by 
Ent = En Dan Yanal (8.10) 
n 


where y,. has mean M(£n+Cn) and Yon-1 has mean m(a%,—Cn) but otherwise indepen- 
dent of £y. 


We may write 
ny0 = 25 0-4 Amn (y+ Cn) — (ey — Cn) Zen Ean - (8.11) 
n n 
where ban = Yan — (xy + Cy) 


Exner = Yan- —m(En— Cn) 


From condition (1), the variances of Éan and £,4., are bounded and so the variance 
of én = Can Dus. i8 bounded, i.e., Var (En) < 207, -We now consider the conditional 
expectation of (z&., —6)* when £, is held fixed. 


Ej12541—61 [ tp} = (iz 0) + [m s Cp) = M(En— Cn) l}? + as Tn (8.12) 


as & is independent of £n. : 
From condition (8) and (8), for sufficiently large n we have 


Cy « $t « 6, | m(ay t Cn) = mtn Cn) | < B for n>n, 


Let nl nn", 80 that = < m which is possible from condition (5). 
n 


Thus 7n | m(zs + Cn) — mtn — Cn) [44s when n «n, when |2,—5| <48, Santen and 
n" 


£u — Cn lie on the same side of 0 and thus the difference 
: m(z, t Cy) — M(E — Cn) 


has opposite sign to that of 2,—6 
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2 * 


Thus in this case 


[e.-6 + lm len t on) — mz, — c4] | < (os - 8) 
when [2,—6| > de 
Also when [2,—8| «às 
we have [es 79 + timen eo) mes - a] Se 


Thus we have 


E(1254,,—0 *[2,] < Max i| m —6 P, 57} + + oa gi 


Let Za = Max {[2,—0|?, e7} 
then E[Z2,,,/Z,2] & Zn? + Ex o? 
from which E(Z,?) < Z'n to’? 34 (a,* [ c,?) 
let da qe og? +S (a,* [0,?) + Z^, — Z*,, 
then E(znss [25] = Z'n to? X (a*s[05)) - ^s o^, Zn 


n-1 
ZZ to? X (a*,/c*,) -Zn 


Ten, 


n 
> Tn, 
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(8.18) 


(8.14) 


Hence {znl is à semimartingale for which E(] 2, is bounded and thus from the 


semi-martingale theorem cf Doob (1953) lim a, exists with probabiliby one, and thus 


hmZ, = Z? 

exists with probability one as a random variable. 
This implies that T 
Jim |Z, | = | ZJ with probability one 


(8.15) 


We shall now show that | Z| zz 2« with probability one so that lim Z, = O0 with 


probability one, since e is arbitrary. 


We can use the same proof as in section 2 by observing that instead of (2.2) we 


now have 





™ (Zp + Cy)  m(zs —c,) > 7(3) 
Cn 


with holds for |Z, ] >ô and c, < 38 
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e 
i.e., for sufficiently large n, while for (2.8) we have 
| m (n, Cn) — mEn- Cn) | E « K.1Za] 

for suffictently large n, and | Za|7» € 
where K,= R[s 

Since Sa, is divergent and X(a?/c,?) and so also Ban?’ is convergent the proof in 
section 2 still holds in this case with trivial modifications. i E 

Hence the theorem. | 

After this paper was written two papers were published in the Annals of Mathema- 


tical Statitics, June 1954, on this problem. The proceedure in these are quite different 
from the present one. 
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Introduotion, In this paper we study in a generalized manner certain properties 
of infinite integrals which oscillate im the ordinary sense. These propesties are similar 
to those studied in previous papers by the author (Ghosh, 1947, 1948, 1949, Cf. also 
Hardy 1912a, 1949, p. 819). With the help of theso integrals Rutherford scattering 
formula has been treated by Born's methcd and the result has been obtained without 
any especial hypothesis unlike Wenizel (1927), The method has also been applied to the 
evaluation of a very impcrtant infinite integral used by Bethe (1980). 


1l. MATHEMATICAL THEory 


We consider a function s(z) with the following proporties : 
() (x) is monotonic non-inerensing in [0, ce), 


(i) g'(x) 18 continuous in [0, ee), 


100 


(iit) f e'(r)dr = lim e(z) —9(0) is finite and non-zero and equal to K (say). 
0 


Then we ean easily prove that if a function f(x) mtegrable-R in [0, œ) tend to a 
limit 1 (finite or infinite) as  $:nds to infinity then 
j of 
f o’(t/A)f(t)dt 


AK 
0 


tends to the limit l as A tends to infinity. 


Definition. If 
1 o 
c | sat 
AK | . 


tend to a limit l as À — ce, we call this 1 the (g)-Finit of fiz) as z => cc. 


In the above definition we have taken the integral from 0, but this doe3 not 
constitute any real restriction on the generality of the method. 


Examples. ) If e(t) = (L—tp, for tx 1 
(a. > 1), 
= 0, for t>1 


we get the case of (C, ¢)-limit. [ef. Doetsh, (1920)]. 
51935 P—1 
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e 
(i) If 9(t) = c~t, we get the ense of Abel-limit, (Hardy, 1904). 
Nu If e(t) = e-?, we get a case of much inpcrtanoe in ? Mathematital Physics 


Poi us now consider the integral 
F(z) = f. ftat. — (1.3) 
€ 
If (9)-lim F(z), as z > co, exists, we say that the integralon the right of (1.2) is 
(?).convergent and we take this limit as the value of the infinite integral. We denote 
this integral by 
- f fade 
e 


In the case of c = 0, the integral takes an elegant form 
f f(z)dz = lim UR ven) f f(x)dx 
0 Ao AK ^ à 


ig 
DK [sey e 
provided that the right hand side exists and 
o(z/A) f re —0 ast oo, (A20). 


Tf, in addition, we assume that lims(z) = 0, we get 
TU 


e-J f(z)dz = jim FY c(8x)f(z), (8 = 1/A). (1.8) 


In this form the integral bas been called summable(o) by Hardy (Hardy 1912b, 
p. 481). We are, however, dealing with a more general notion of limit and we use (he 
word convergent instead of summable. We also note in this connection that our condi- 
tions on ¢ are somewhat different and in a way more general than those of Hardy 
(Hardy, 1912b, p. 481, also cf. Hobson, 1923, p. 817, where furter references me given) 


Uniform convergence, Let us ponude integrals containing a parameter a. 


Let FQ, = E EG ajdt (1.8) 


If now F(A, a) converges uniformly in an interval A<a<B as À oo, we say 
that the integral 


(9- f fti; at (1,4) 


converges uniformly in the interval Asa B, 
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Continulty with respeot to a parameter, Theorem I. Let 
() f(a, a) be continuous in the region e <£ < œ, A<a<B; 


i i f (ta ‘ajdt I/A>0 
(i) ix a l LEa (I/A > 0) 
converge uniformly in the interval A <asB; 
(iti) (s- f I(x, ajde 
c 
Converge uniformly in A «a — D, then last integral defines a function 


(0) = (9 f te, ajda 


continuons in the interal A <a<B. 


Proof. Wetake any pomt a, in the interval A-xaz DP. As the integral is 
uniformly convergent, 


yo gig | tmn f/f ent) 


and yla +h) = v Pom [t a, t h)dt -+ Ry(a, +h) 

where both | Ry(a,)|<e and | Ry(ag+h){<e when A^ >A (e). Hence: 

[Y (a, +h) = ya) < | go J xen) f s uthi, alt Bula, RR. 
We now keep A' fixed. Then, since, by virtue of (ii) 


P OE i 
pud der) f ft a)dt 


is a continuons function of a in the inlerval A <a<B, it follows that 





vx deste f [bs es 1) f(6)]dt > « [A [> 8(s) 


Hence |Y (ag ER) plul « 3e, fh] < te) 
which proves the proposition, i 


Integration with respect to a parameter: Reversal of the order of integration, à 


Theorem 2. Let 
() f(z, @) be continuous in the region cga < o, AxazB; 
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(ii zS ve f rà ajdt, (1[A 2» 0) 


converge uniformly in the interval A as B, 


(i) (Q- f fte, alan 


converge uniformly in the interval A «a B: 


va) = (9- f fle, wax, 
MU 
then [vada = (9)-" faf fiz, ajda, (A <u, x B) 


or ik da.f2)- T f(z, aklx = (¢)- T af Jv, wda 


Proof. The function (a) is continuous by Theorem 1 and therefore integrable 
Because of uniform convergence 


yla) = ne f dx gla anf f(t, a)dt + Ry-(a) 
D] c 
where | Ry(a)i<e, when aA’ > A(s 


f Jada = iy ja da f deg x) f ft ate f” Rolada 
a, As v c ay 


We keep A’ fixed. The crder of integrations in the first integral on the right can 
be reversed, by virtue ot (i), so that 


f of f(x, ajda — d zc faf n. a)da S Ry-(a)da. 


(fa 








"ditis facade 
Hence |f ato) f fe ade 


L f veri f a frt eei n 
XNK g e a 


for A’ > (e). Therefore : 


fae -f fe. a)dz = (9)- F az f f(x, a)da, 


o 


Differentiation with respect to a parameter. Theorem 3, Let 


(1) (- f f(x, a) dz 


converge in the interval A xz a D; 
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Wa) = (9)- f (o. a) de 


(ii) Of [Ga exist, 
(iu) the function Of/8e = falz, a) 
be continuous tn the region c xz «oo, AaB; 


(iv) s f v (2/2) f falt, a) dt, (1/A > 0) 


converge uniformly in the interval A <a s< B; 


(v) (g)- | fa(e,a) 


converge uniformly in the interval A<a<B, then the function (a) has a derivative, 
the derivative is continuous and is given by the last integral: 


= = e f falz, a) dz 


Proof. Let e 
X(a) = -f faa, a) dz 


Then, by Theorem 1, Xu) ir continuous and therefore integrable. By Theorem 2, 


[rw n f dé f 2 du = (o)- J gar, a) - füz, A) da 
A A c 


= of f(z, a) dz—(9)- | fle, A) da. 


Hence 


f xa da = - vta. 


A 
From the continuity of y(a), it at once follows that 
x(a) = dy/da. 
Two important special cases. Case I.-Let 9(t) = ot and c = 0, As given in example 
(ii) above this is the case of Abe!-limit or (A)-limig. 


Let e-"^f(z, a) where A has any positive value, tend to zero as z-3co, uniformly 
throughout the interval A «; a < B. The integral ` 


[ ie, a)dz 


is uniformly convergent throughout the region 
Oc i/A-i1/A,ÀA-mazx D, 
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For then e gf E reel 


where K’ is some constant independent of a and so 


xX’ 
f e7* f(x, a) dx 


X 








x 
«x f e- el^ dz, 

X 

Also in this case 

xz 
em f f(t, a)-90 as 2-0 
0 

uniformly in A za x B for any positive A for 


os <en f |f dt | < K's o7 Vil, 


Q 








D 
ezan f f(t, a) dt 
0 
Under the circum: tances 


XE | deye) J f(t, ad 


NE d g 
Eu f dzo-eh f f(t, ajdt 
0 0 | 
o 


= | ehje, a) dz 
0 


Thus the condition (i) of Theorems 1 and 2 are satisfied und we havo the following 
. theorems: 


Theorem 1a. Let 
(i) f(z, a) be continuous in the region Oz «o, Axa B; 
(i) e7*I (xz, a)>0 as zo 


uniformly throughout the interval A zz az B, X being any positivo number ; 
(iii) (4). f f(z, a) dz, i.e., lim f 07? f(z, a) da 
0 Ac 0 
convergo uniformly in A max B, then the last integral defines a function 
t e 
Wa) ="4). f f, a) de 
: 0 


continuous in the interval A -—acB, 
Theorem 2a. Let ; : 
(iy f(z, a) be continuous in the region OS 22» oo, Aa D; 
(it) ' ae f(z,a)20 as zoo Žž. à 


uniformly throughout the interval AS az B, 


(9)-CONVERGENT INTEGRALS ETC. 39. 


(iit) - ty li 18 vids 
: 0 
converge uniformly in the interval A a B: 


y(a) — (4 [ 1e, a) dz 
0 


Xm [vo da = (4)- f as [^tt a) da 
or f "du t4). f Perr ert i Wa f "HS ca 
fs 0 Jo a, 


It e-*^Of(z, a)/Sa where A has any positive value, tend to zero as z—co, uniformly. 
throughout the interval A < as B, tben reasoning as above we can show that the 


integral 
ae pee "ftt, a) 
xx | #1" f s Dat 


D 


=. ef (a, a) dz 


0 
is uniformly convergent throughout the region 
` O<1/AS1/A, agå4<B 


and the condition (iv)'of Theorem 8 is satisfied. Thus we have the 


Theorem 3a. Let 


(i) (A)- |. f(z, a) dz, 
| 

(it) Of [Ga exist, 

(iii) the function 6f/Sa = falz, a) 


be continuous m the region 0< x <æ, Axa<B 
(iv) e~* fale, a)—>0 ns zoo 
uniformly throughout the interval A<a < B, A being any positive number 


(v) (A)- I falz, a) 
0 


converge uniformly in the interval A <a s B, then the function ¥(a) has a derivative, 
the derivative is continuous as given by the last integral: i 


4 = a» f fa(z, a) da. (Hardy 1912a, Theorem VI, p. 31) œ 
^ : 
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Case II. Let o(t) = e7” andc = 0, If, in this casee-*"/*" f(z, a) where A has any 
positive value, tend to zero ns 7->0o uniformly throughout the inlerval A < a x B,then 
proceeding in a way similar to that in the Case I we get that the integral 


0 o 


=f eM (x, a)dz 
0 





is uniformly convergent throughout the region 
OcI/Ax1/A, AxazxB. 
Thus the analcgues of Theorems 1a aud 2a hold is the case also. 


Te ei P 8f (a, a)/@a where A has any positive value, tend zero as zoo, uniformly 
througbcut the interval A < a x: B, the reascning ns in the case I we can show that the 
analogue of Theorem 8a hold also for this case 


The convergence factor e77 has a epecinl advantage as compared to e7*^ that we 
ean study integrals of the type i 


*o 
liin f e™ Mf (a, a) de 
A+D a 


directly. ‘This advantage is common to all cases where ¢(z) is an even functicn of æ. 


Generalisation, Let us now generalize the concept of the volume integral : 


[re 2. t,) de, dr, de, zu ot diu 


taken over all space. We first integrate over a sphere of radius r, the centre being at a 
fixed point, so that the integral is now a function of r only, viz. 


J fea ty 29) de, dz, de, = FO) 
aph 


If now (9)-hmit of Fir) as r—-oc exists, we say that the integral exists and its value 


l- f Hz, m, ir.) dz, dr, dz, = (9)-hm F(r) (10) 


TOR 
We may similarly generalize the concept when the integrand contains parameters : 
f(a,, a4, -oes Up, Zi, To, Lz) dz, dz; dz, (17) 


«taken over all space, as has been dcne in a previcus paper of ihe author (Ghosh, 19047) 
In every case there remains some arbilrariness due io the choice ofthe centre of the 


sphere of integration. ‘This arbitrariness can be removed by other conditions of the 
problem, 
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We may also proceed to study the equation 
Ayr) = = ~ 4x exp[i(ar)] (1.8) 
as in one of our previous papers (Ghosh, 1947, p. 25). Reasoning on similar lines and 


taking (9)-limi1t instead of (C, 1)-limit, we arrive at the solution . 


Ve) =e- f SRI dor = expitqn] (19) 


for a wide class of ‘convergence factors’ e'8 [see below eq. (2:1)]. 
II. APPLICATIONS 


Generalized rules for caloulation of matrix-elements. For the purp se of applica- 
tions to Quantum Mechanics we have to generalize the usual rules for the calculation of 


matrix-elements of an operator O, viz., 
Onn = (9)- f s Oud 


instead of 


Omn = | Ut Ovade 
taken over the entire configuration space d and Y, are normalized eigen-functions be- 
longing to the m-th and n-th states respectively. 

In tho solution of problems of Quantum Mechanics often such integrals occur which 


in the last analysis reduce to 


oo oo * 
f k** cos ka dk, f piii ain ka dk, 


M 


f» BRE, J k'^sinkadk [of. Dirac (1943)] 


The (C, a)-hmıts of these integrals, for sufficiently large «, are 


r] o5 
I k?n cos ka dk = 0, i) Kent gin ka dk = 0 
0 - 


wr aa 


| kanil cos ka dk = (—1)**1(2n +1) pjanta (2:1) 


0 


| 
| ki" sin ka dk = (-—1)" (2n) 1/ah*! | 
0 [cf. Ghosh, 1948]. 


The Abel limits and the limits with o'z) = e~* are a'so the same. But this is no acei- 
dintal coincidence. By a theorem of Hardy (Hardy, 1012a, p. 26, Theorem V) if plz be a 
function of x which tends to zcio as z—co more rapidly than any power of x and has 


continuous derivatives o'(z), .9' z), .... 9% P(x), and : . 
D : 
j o D(a)a&dz, (n > p) . 
Q t. 
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îs absolutely convergent, then 
ims [ emen dz = Y(ucrlm-8-ieGetne (272) 
provided m 20, y, 2»—1. 
The present of series papers by the author shows that under suitable condilions there 


integrals can be calculated, when p 18 a positives integer, by succesive differentiation of 
two integrals only (cf., Ghosh, 1949), viz., 


v du WT » TS EE iss . l 
lim—— | coska ofok)dk = 0, lim—— | 9(ak) sin ka dk 2 —, 
«0 9(0) 5 «20 9 (0) A l a 


(Hardy, 1912a, p. 27) (28) 
Scattering by a centre of foroe; Rutherford scattering formula. Our problem is 


“to calculate the scattering of a beam of particles [exp (ikz)] Ly a field V(r). We wish to 
oblain an approximate formula. We have to solve the wave equation 


Ay+ [k?-U(r)]y = 0 (274) 
where k? = 8s?m]|h*, U(r) = 82?mV(r)/h? and where must have the agymptolie form 
- Vies e"? letri (o), (2:5) 


Proceeding as in our previous papers (Ghosh, 1947, 1949) and using (¢)-limit, we 
obtain i 


NO =~ i-9- f'expliktn,-m, v) JU) a6 


where n is a unit vector in the direction r, and n, is a unit vector in the direction of the 
positive s-axis so that  — (np). 


For the Coulomb field of the Hydrogen nucleus 
U(r) —8x*me 





"dins 
and hence 
fiy ess ee (y fere Dh n. Y)] a, (2:1) 


_ _ 8x7 me m . : . 
aap by (D (2:8) 


for a wide class of ¢’s. 


Now |p ,—n{=2sin 46. Thorefore 


Lo 2z*me 
f) — pr eink yo 


The inntensity scattered into the solid angle dw is |f(6)|'d« and this gives the 
"Rutherford scattering formula, 


($)-CONVERGRNT INTEGRALS ETC. 48 


Here with the help of (¢)-convergent integrals we have arrived at the result smoothly 
If some such idea is not brought in, the right hand side of (27) oscillates as the integral is 


taken over an infinite sphere. To overcome this difficulty Wentzel (1927) had to usea 
modified field 


V = (ej) exp (-1/R) 


instead of a Coulomb field and then neglect the modificatin under certain physical assump- 


tions. From the mathematical point'of view this is equivalent to the introduction of the 
convergence factor 


e, p= 1/R>0 


f sin qr dr 


0 
and after integration let p— +0, Thus 


in the integral 


o5 
n dre-?' sin qr = q/(p*-- q?] > 1/q 
e 


ag p—> +0 and this limit 1s taken as the value of the integral (Sommerfeld, 1089), This is 
artificial in as much as 4 ‘convergence factor’ 3s brought in only in the last step to save 
the situation without enquiring into the effect of its appearance and ultimate disappear- 
ance on the previous steps, In our papers referred to above we have developed a theory 
in which the notion of a convergencefactor is introduced from the very outset and is 
thus natural, Hardly any special hypothesis of physical nature becomes necessary 
afterwards. Moreover, the discussion in the present paper shows that follwing Wentzel 
wo could use a modified field 


V = Žę(r/R) 


where o is any member of class of function satisfying the conditons stated in Hardy's 
theorem cited above, As this class of functions is sufficiently wide and (C, 1) con- 
vergence also leads to same result, practically no physical significance need be attached 
to such modified fields, 


Another example of the application of our theory is furnished by Bethe's investi- 
gation regarding the passage of fast particles through matter (Bethe, 1980). There 
ultimately Bethe had to calculate matrix-elements which involved integrals of the type 


exp [i(qr)] 
f | Rori dQr 


over all space and he evaluated it by an unjustifiable interchange of hmit processes, In ` 
the light of our general discussion of (9)-convergent integrals, together with boundary con- 
ditions and generalized rules for calculation of matrix elements we are at last lod i8 
calculate the integral 
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exp [i(qy)] 
o- f IR- dQr 


subject to certain conditions (cf. Ghosh, 1947', As shown above, for sufficiently wide 


class o's velue of this integral is 


ae [((qv)]. 
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‘SLOW VISCOUS DRAG > ~~ 


' By - 
"Y. D. Wapuwa, Kharagpur, West Bengal 


(Communicated by Prof. B. R. Seth — Received October 9, 1954) i 


Abstract —By a slight modification of the principle of superposition introduced by Seth, the drag suffered 
by an infinite cylinder whose cross-section 18 a lemniscate of Bernouilli, moving slowly through a ‘viscous 
liquid is found to be 8ruU $ m à 

It has been shown by Seth (1042) that when a solid moves slowly through a viecous 
liquid so that the inertia terms in the equations of motion can be neglected, the solution 
is obtained by the superposition of two motions, viz, 


(1) the potential motion of the liquid, regarded as non-viscous, due to the motion 
of the sclid, and 


(ii) the motion of the liquid due to a concentrated force applied in the direction 
of motion of the solid. 


1n another paper Seth (1954) has shown that all potential motions can be produced 
by suitable generalized doublets. If £ — const. represents a family of surfaces in 
orthogonal curvilinear coordinates, of which the given solid 13 a member, the solution of 
the problem in two dimensions, by Seth’s method, is of the form 


2 4,98 X a » ] 

Vos mle ay | 2 5 
-.499 X 8 | 
2979) ea j 


where X is the concentrated force, o 18 the velocity potential function of the motion (i) 
and v is a function of € only satisfying the Laplace’s equation V*y = 0, and such 
that the flux across any closed surface is equal to 2z. 

The boundary conditions for the viscous liquid motion are 

u =U, v=0 on the boundary. (2) 

These, Seth has shown, can be satisfied if 9 is expressible in the form zf(£). But, 
if e cannot be expressed in this: form we must add some more harmonic terms to 9 
before superposition in the form (1). The boundary conditions (2) can then be satisfied 
and the concentrated force X determined. This is found to be the drag suffered by the 
solid, This method is here applied to obtain the drag when an infinite cylinder whose 
cross-section 1s a lemniscate of Bernouilli, moves slowly through a viscous liquid. 


Consider the transformation 


3. 43 
$= Flog ==", (3) 


c? . 
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so that 20 (23 y^)? = 2c*(a* — y?) + c*(e*6 — 1), (4) 
and g*— y! —c* = 2xy cot 2r. (5) 
Thus é = const, are a confocal family of lemniscates with their foci distant 2e apart 


and y = const, are confocal hyperbolas with the same foci, The lemniscates become 
a pair of closed curves if < 0, while é = 0 represents the Jemniscate of Bernouilh. 


The complex potential of the perfect fluid motion is known to be (Basset, 1888) 
w = B(l+e-%)t, (8) 
so that ,.9 = EB[(1- e- Eti + (L+07%6-1)t] 


which cannot be expressed in the form af(é). 


Since i (2) = 4(1+ cos + cos 24+ cos 8) 
(ON Oz/t- 0 


9 . . . 
(=) = l(sin 4+ sin 2+ sin 8n) 


—————À—^ 
P 
= 
= 


we add to (6) the terms 
c log fo? + (1+ c%)t} + D log {e~t + (1+ e7?)8. 


For a lemniscate y ——£. The equations (1) become 


X 
ù = A,676c08 t +A,e~** cog Zn + A46 795 cos B Z (Æe ; 


) 
4np\ Ox | 
TEN f (8) 
v = A,e Sin 4+ A,c7?6 sin 27, + A,07 sin By + ron in j 


Substituting (7) in (8) and satisfying the boundary conditions (2) on £ — 0 we get 
A, =A,=4A,=-U,; 
X = 8zpuU. 

The value 8z5U is therefore the drag suffered by the lemniscate. 


My thanks are due to Prof. B. R. Seth for his guidance in the preparation of 
this note. 
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THE ELASTIC STRESSES AT THE BOUNDARY OF A 
SYMMETRICALLY SHAPED HOLE IN AN INFINITE 
PLATE LOADED BY NORMAL BOUNDARY 
FORCES IN THE PLANE OF THE PLTAE! 


Bv 
M, F. Conros, Waterown, Massachusetts, U.S.A. 


(Communicated by the Seoretary— Received April 22, 1954.) 


Summary. In this paper the elastic stresses at tho boundary of a symmetrically 
shaped hole in an infinite pla‘c, due to bands of force or concentrated forces applied 
normal to the boundary and in the plane of the plate, are determmed. The class of hole 
shapes considered are those contours in the z-plane mto which the unit circle in the 


i-plane 1s mapped by the function z = das X AQ" ] where kz»2 and A's are real 
: = ] 


U 


coefficients restricted so that the roots of dz/d( lie within the unit circle 1a the ¢-plane. 
The force distribution has an angular pericdicily of 2z|k. The method of solution 
consists of a combination of the conformal mapping technique and the Muskhelishvil: 
method (Sokolnikoff, 1941) for sclving plane elasticity problems, The results obtained 
are applicable to finite plates of such an extent that the stresses at the outer boundary 
due to the loading at the inner boundary, or hole contour, are negligible. 


Introduction A problem of considerable importance in stress analysis work is 
that of determining the elastic stresses in plates loaded at the boundary of a symmetri- 
cally shaped hole in the plate by normal bands of force or by normal concentrated forces 
applied in the plane of the plate. ‘There are several techniques for handling this problem 
when the hole is circular, The corresponding problem for other boundary shapes is 
much more difficult to handle. In many instances, however, itis sufficient to know 
only the stresses at the boundary of hole. 


In a recent paper by O. L. Bowie (1950) the stresses at the boundary of a symmetri- 
eally shaped hole in an infinite plate due to loading by normal bands of force were determin- 
ed for a class of hole contours, These results arg, valid for finite plates of such an extent 
that the stresses at the cuter boundary due to the loading at the hole are negligible, 
However, in this analysis the bands of normal force are distributed symmetrically with 
respect to the lines of symmetiy of the hole contour, It was expected that by an 
analagous analysis, the more generul problem of the determination of the stresses at the 
boundary of a symmetrivally shaped hole in an infinite p'ate due to bands of normal force, 





1 The results presenied in this paper were obtained in the course of jesegroh conducted at Watertown 
e 
Arsenal Laloratory, Watertown. Mass, 
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nob necessarily symmetric with respect to the lines of symmetry of the hole contour, 
could be solved and would include a new and very useful class of problems. Such an 
analysis has been carried out and constitutes the subject of this paper. The analysis 
bas also been extended'to include the case of normal. loading by concentrated-forces. 


Basic Assumptions.: The 3unthiemtienl anslysis" presented here is based on the 
assumption that the plate is of infinite extent and has zero stresses ab infinity. 


The hole shapes considered are defined as those contours, r, in the~s-plane into 
which the unit circle in the ¢-plane 18 mapped by the function 


= oY = Art X sn] (1) 


where kz22 and the A,,’s are real ccefficients restricted so that the roots of dz[dt lie 
within tho unit circle. 1t follows from the form of this mapping function that the hole 
contour has an angular periodicity of 2n/hk, and is symmetric with respet to the real axis 
and any line whose direction angle is an integtal multiple of z/k, Due to the restrictions 
imposed on the coefficients, the unit circle and its exlericr are mapped conformally onto 
the hole contour and its exlerior. 

The distribution of the normal load applied at the hole contour of the plate is 
assumed to have an angular periodicity of 2/k. It follows that the resultant force of 
applied load at the hole vanishes, However, the resullant moment of the applied load 
does not necessarily vanish. ‘Throughout the analysis the load is assumed to consist of 
uniform bands of normal force. ‘Lhe corresponding solutions for arbitrary bands of normal 
force and norma: concentrated forces ave obtained from the uniform ban‘ load solution. 

Under the assumptions stated, the problem of normal loading at the hole of the 
plate may be considered as a plane stress problem, and can be handled by the 
Muslhelishvili method for solving plane elasticily problems, e wb 

Mathematical: Analysis. By the introduction of Aiy’s stress tunction, plane stresa 
problems in elasticity can be reduced to the solution of the DH c egation 


VU(,y) =0 
gubyect to the boundary conditions of the problem. As shown by Muskhelshvil: 
(Sokoluikoff, ibid, ch. V), the general solution of this equation can be expressed in terms 
of two analy ic functions of the complex variable z; thus 


; Ula, y) = Refat + F Tade}, 


The stress functions, ®(s) and T(z) can be determined from their analyticiby and from 
the beundury conditions of the problem, in this case, the stress boundary conditions at 
the hole contour and the stress boundary e»nditions at oo. 

From the discontinuous character of the loading at the boundary of the hole, 
certain üiseontinuines m the stress functions and their derivatives are to be expected. 
In particular, it will be assumed that D(z) »s continuous but that (s) and W(z) may have 
jufnp discontinuities at this boundary. i 
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From the analyticity of @(z) and W(z) in the region exterior to the hole and from 
the boundary conditions at co, it can be shown (Sokolnikoff, ibid. pp. 257-258) that the 
stress functions are of the form wey" C 


(z) = S aan? 
77 1 


Also, from the symmetry of the stresses, it ean be shown that (2) = $ (e e%t/k) 


and X(z) = f P(ejdz = X(ze?/^), from which it follows that 
D(z) = X gat- 
1-1 


T(z) = 3 ga CD 
jeo 


The *j and 8; are coefficients to be dotermined from the stress conditions at the hole 
contour, T. 


Now the boundary condition on 7 can be expressed in terms of the stress functions 


by considering the resultant force acting on a portion ofr originating at 2, and ending 
ab z. From this consideration it can be shown (Sokolnikoff, ibid., p. 247) that : 


f onda = [at ATE] mr 


where T(z} is the conjugate of U(z). 





FIG, L- . 
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50 M. F. CONROY 
Since the loading at the hole consists of periodically spaced bands of uniform force 
" 
(Fig. 1), " cds is of the form 


f aondg 


n, 


C, , — [2x[k -6,—0,[2]:6:0/2, 


=—Pzt,, 6,/2<6<6,/2+ 6, 


ii 


C, , 0, 2+0 02r k + 6,/2, 


u 


— Pa C, Qa/k+0,/2<0<2n/k +6,/246,, 

= 0 , 2njk € 0,[2- 0,0 An] k + 0,/[2, 

-—Pz-CQ 40/k+6,/2<0<40/k +6,/2+6,, 

= Cy, 5 (p—2)Qx/k +0,/2+ 0,:0«p —1)2n/k 4 0,/2, 
=—Pet Cy o», (p-1)2a/h + 6,/2 <0 (p—1)2a/k + 6,/24 0,. 


However, because of the complicated shape of the hole contour, r, in the s-plane, 
it is convenient to consider the problem in the (-plane for the purpose of applying the 
stress boundary condition on r. The hole contour, 7, and 16s exterior in the 2-plane may 
be mapped ‘into the unit circle and its exterior in the t-plane by means of the conformal 
mapping function of eq. (1). Because of the form of this mapping function, it may be 
easily verified that 


Plo} = Š air 


Wo) = È ggat (2) 
2-0 


where Q(s(t)) and W(w(t)) are analytic functions of the complex variable ¢ and ay, B; are 
coefficients to be determined from the boundary condition on r. 


In terms of the complex variable, $, the boundary condition on r may be written 


(w(0)) + ol) EX + UST) = fl) ig(s) (8) 


where 


f(z) +79(9) is f Fndz 
expressed asa function of the angle 9 in the (-plane, and o = e* is an arbitrary point 
«n the umt circle [t| = 1. If 9/2 and e, are the angular measures in the {-plane corres- 
ponding to @,/2 and ô; in the z-plane, 


where 
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= C, - [2n/k~9,—9,/2]<9<9,/2 
-—-Po(et) * C, ?,/2<9<¢,/2 +9, 
avy 9, /24+ c4; e 2n | k  9,/2 (4) 


z—Pe(es9)C, 2z[k o, [2-0 2x|k-0,|24 9; 
=; C, 2n] k 9/2 rFeomdn[h t o,/2 
= —Pu(et)+C, MRS Stein eile: 


= pi ie D d EV 


z-—Po(e9)C,, (p—1)20/k + e,/2- e (p —1)2n/k  9,/2 * 9, 


€, = Pole?) 

€, = 0,— Po [ct 99] 

C, = C, + Po [etre] 

C, = C,— Po[efG-etei29)] i (8) 


Cy = C, Po [eint] 


Cap- = Cap-a— Po e 07 2c tal2to)] B 


Cay = ap, Po [etlto elitm]: 


‘ — Alternatively, f(9) + ig(ẹ) may be expressed as complex Fourier series of the form ` 


where 


n-oo 


fla) tiglo) = X ege" 


ne-o 


2« 
en zi [f(e) + ig(9) ]e ^ "*do. 


. It is found from eqs (4) and (5) that 


01419 = 


iP 


h " 
where os 


0a = 0 for n#0 and n#kq+1 q—-1, +2,...... 


P . 
Co = cp, Weet -olete 


ik : 
—— E 7 at Dio fPa(etterte je —Uhat De — Pyleta 
On(kq iy { wle je á wle n 





z Ud 
4 2 As fe-Mato\iute) c-r] 
ant — (q +8) 





A, [e- kp 3) e) L6 ita ton] i is taken as eas FIM for q48 =Q. 
T 


—(q-8) 
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Moreover, from the forms of the mapping function and the stress functions, eqs. 
(1) and (2), it is found that the boundary condition on r, eq. (8) may now be written 


eo 
3 ajol7 tus 3 AE e 3 Beth = X oo" 


iol nao 
where the o, are defined by eq. (5), the E,'s are obtained from 
R, = 444,0 k) 
Ry = 442,(1 —2k) + yia (1 — K) 
R, = qu (1— 88) v (1 721) + yaa;(1 ~k) 
ele. 
and the y’s are determined in terms of the mapping coefficients from 
Aot, = Am 
Aot t A (L7 T1, = Ams 
AgystA,(1—k)y, + A,(1— 2089, = Amos 
etc. 


Now, equating coefficients of like powers of c, yields 


ag Reng = 0-6 (j = 1, 2,......m—1) | a 
93 = 01-jk (j=>m) 
and : 8j + Rms = ink G = 0, 1, 2, eee J: (8) 


The coefficients, aj, can be found from eq (7). The first m 1 quantities are 
obtained by the solution of a linear system of simultaneous equations, since the Ry’s are 
linear combinations of the ay’s. Once the aj's have been determined, the 8;'s can be 
obtained from eq. (8). Since the coefficients «;,8; may be determined from eqs. (7) 
and (8), the stress functions, eq. (2), are now completely determined. 


However, in order io determine the boundary stresses, it is sufficiant to know one 


stress function, d(»(L)) In particular, it can be shown (Sokolnikoff, ibid. p. 247) that 
the sum of the principal stresses at an crbitrary point, s = w(§), of the plate is given by 


Ort Tg =A Ref Er. m L (9) 


But, since e, is known at tbe hole contour (s = «(c)), determination of c,-c, at 
this boundary yields a knowledge of both e, and c.  w'(c) is known from eq. (1), so it 
remains only to determine [(d/d¢){®(o(f))}]. This is found to be ` 








Pi sin 2k(e zm. sin 1k(o, + 29, + 29) 
I gd 1 = 
34 ai sin tk(?, —29) TER se sin filet in 39) * Elegia (oos kavos alten 





z —i log] 2[cos ke — (cos $9, + Jk Illa) + x wio- p) + — Apa 


THE ELASTIC STRESSES AT THE BOUNDARY EIC. 53 ` 


























4 Pole D ss gno, — sin kn(39, 9) sog ing cos &kno, ~ coskn(t¢i+ 9%) oin kno} 
2r n=l n n=] " 
-1m-n 
‘ass ^ PA. (kj = fe ~h B ikno, -sin kn($9, * 9;) i igi io 28 ino, — C08 kn(ko, + oa) 
2r n n 
nol j=l 
n A Z eiui] 2 A, [ie Greco) — ig iQ 092] | 10} 
"T j= ? bomi 
t 2[cos ke — cos k($p, 9] 2 [coa ke — cos fkg, | j 
m-1 

s e: gin $e sin k($9, +9,) I : - 
mHE] SA e-k] . .80ns259; — 5. 1 T4 kj-1)R,,_,e7 9. 

2r Limo 16 2[coskp—coshhe,]  2fcos kp—cos klip, + 9.) | 12 pd) P 
‘where 
PL ikno,coskng _ 1/2 — ko, 4, -9,/2«9«3,/2 
ze n ~ko, j4, $;/2« o — 9, /2- 2n] k 
* —sin kn(h9, +92) cos kne _ — z[2-3k(o,/2 9),  —(9,/2+92)<o<(p,/2+ Pa) 
tel n klp: /2 - 9,), (91/2 + 9) e — (91/2 94) + 2r/k 

—cosjkno,sinkno _ ko[2 — 9,/2<9<¢,/2 
z n —n[2- ho[2 9, /2<9<—9,/2+ 2n] k 
cos kn(49, 9) sin kno _ —he/2 = (91/2 + %3)<¢<(9,/2+4 9,) 

= n 2[2- ke[2 (9,/2+ 9.) e — (01/2 +.) + 2r]k. 


Thus c. +o at the boundary, due to loading by uniform bands of normal force, is 
completely datermined by eqs. (1), (9) and (10). "This result agrees with that obtained by 
O. L. Bowie (l.c.) for the case of uniform bands of normal force distributed symmetrically 
with respect to the lines of symmetry cí the hole contour. The boundary stresses due 
to an arbitrary distribution of normal force can be solved from the results presented 
here, i.e., by superposition of appropriate band load solutions. 


To obtain the corresponding solution for the case of normal concentrated forces 
of mugnitude F, applied at 0 = 6,/2, 0,/2-- 2n] hk, 0,/2+42/k ete , P is replaced by 


= IL————— — i. ————— 


= totes 
f [w'(e')| do 
iv 


and the limit of the above solution is taken as 9,720. As a result we obtain for the sum 
of the principal stresses . 


m-lm—n 
2kF 0 A,+n(kj — 1) kj- -bj ‘etki? ai 
Dp tog = woe] eam Be - 252 2 "Im x: [e- “49 cos $n 9, + ie? sin 33] 
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m-i m 
2n |w' (e**;)| > (kj —1) A k >| E PHI: 
+ Ra. ikje 4. — A üj.(l1-— k k Aye dn De, 

kF jl e(c) ™ P 2 1-9 5 ECUADOR DUUM, di 





x ((j ^ 1)[cos kp — cos 1ko,] — t sin $ke,} + 4,0 Ge ttf — j[cos kp — eos 3&9, ] tisin refy 
[cos ke — cos kke, ]*o'(c) 


In the particular case of a hole in the shape of a hypolrochoid 
8 = olo) = A cet Aet 7 Po, 
For the case of loading by uniform bands of force 


— kP kP A, 
EHE g e ern ova 
9n Pa 2r w'(v) 











" P P ino, — sin kn($o, + 9,) copiis b tkno, — cos kn(5o, + Polin ing} ] 





an aml n n=l n 
—4Re [a [cos k(ào. + 9,) — cos $k, | sin ko [4 5t] h 
2m 2[cos ko — cos k(ào, + 9s) ] [cos ko — cos $ko, | w'(c) 


For the ease of concentrated loads 


4 Asin ES gin ko[4, +. +A, ad 


= s ad 
oyto =R Jii Tel i c) [cos ke — cos tke, |? 


Conclusion. It was expected that, by a combination of the conformal map»ing 
technique and the Muskhelishvili method for solving plane elasticity problems, it would be 
possible to derive compact expressions for the stresses at the boundry of a symmetrically 
shaped hole in an infinite plate loaded at the boundary by normal bands of force or by 
normal concentrated forces applied in the plane of thg plate. Previous work by O. L, Bowie 
has demonstrated that this is true 1n the special case of bands of normal force distributed 
symmetrically with respect to the lines of symmetry of the hole contour. It was also 
expected that the results presented in this paper would be applicable to many practical 
problems involving finite plates. In partiular, the results are applicable to finite plates of 
such a size {hat the stresses at the outer boundary, due to loading at the boundary of the 
hole, are negligible. 


The boundary stresses were derived for-a wide and practical class of boundary 
contours. It was found that these Stresses assume a very simple form iu the case of a 
hole ın the shape of a hypotrochoid loaded by periodically spaced concen'rated forces. 
The results obtained in thjs paper agree with those ovtamed by O.L Bowie for the 
particular case of loading by bands of normal force distributed symmetrically with 
reapect to the lines of symmetry of the hole. 
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ON SOME RESULTS INVOLVING GENERALISED 
LAPLACE'S TRANSFORMS 


Bv 
B. R. Bnoxsrg, Jabalpur, M. P. 


(Communicated by Di. N G Shabde—Receiced October 22, 1954) 


The object of this paper is to obtain a result involving a Hypergeometric function 
and Generalised k-funetion of Bateman, and səmə th2ore ns which are generalisations of 
results given by Humbert (1037) and Dineschbandra (1952). The results are believed 
to be new. 


1. The Laplace integral 
op) = p Í "em (r)dz (1.1) 
0 
has been generalised by Meijer (1941) ın the form 
e(p) — p J erpa, m (pz) f(zjdz (1,2) 
0 


which, when k — m reduces to (1.1). 
Jaiswal (1952) bas symbolically denoted the integral (1.2) as 


f(a) #4 9(p). (1.8) 


Varma (1947, 1951) has also given two generalisations of the intogral (1.1). 


eo 
They are e) = p f (pa) -+W m(2pa)f(eydz (1.4) 
0 
and e(p) — rf e~ Mr (pz) -YTV,. m(px)f(ax)de (1.5) 
0 
The integral (1.4) has been symbolically denoled by Bose (1949) as 
À Qo 
etp)fe. (1.6) 


When the substitulions k = 3 and m — £i are made in (1.4) and. k — —m4 ij in 
(1.5), they reduce to (1 1). 


In each of the above integral equations o(p) 1s said to be the image of f(x) and 
f(x) the original of e(p), the transform in (1.2) 18 called Mejer Transform and tbe trans- 
form in (1 4) is called Whittaker Transform. s 
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e 
2. We have due to Chakrabarti (1052, p. 07) an operational representation 


f(p) =Tiltn+ 0 (l-n+ i)p-*etPK. (4p) 


zai 5(l4 x) t^ = h(x) 


and on term by term interpretation we obtain 


-mp lY. 1 = eet 
pmi( =) = saan P (+n); - 2] 
giimnatt —(l+n) 
gl is] 
T(2m-n-l41) (2m —n 1) 


= g(t), Rip20, RQm—n+l+1)>0. 
And further 


g(x)at-™~k = gm-ntl- k+ m| 


-(en) | 
(2m n1) ' -«] 





„I(m-n+l-k+8/2) r| -(l+n), (m—n+1—k+3/2) | 
^P» pr"osti-hti zd (2m —n 14 1) 


| 
"i 
— 


= F(p), Rip) >0, R(m—-n+l—k+3/2) > 0. 
Hence due to Harishanker’s theorem (1948) we obtain 


T(L-n TU n-& Up-Seie K^ (gp) 


oo 
= pn PH (m-n+1-k+8/2) | octets, uu) 
0 


monti-k x - =n 
«(2) +t Jn (Ln), (n 7n 4 L—-k 48/2) -i]je 
p (2m —n 04-1) p 


and therefore 


D(-4-n-41I-n4 Dp-?eieK? (}p)/ im ~n+l—k+8/2) 


—(l+n), m-n+l-k+8/2) 


o 
= p | e-trt(pt)»- m P| 
pf (p) a: e (2m —n- l4 1) 


; -1] x Wi. (pt)dt, (2.1) 


R(p) 70, Riàm -n 0*1) > 0, R(m-nl-k 48/2) — 0, l-n € 1) 2 0 and E —1. 
This is an illustration of (1 5). 
8. Theorem I. If 


Fral) 
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and f(s) = g(t), 
then o(8) =f giu) ylu,s)du (8.1) 
A : 
. 1T,(2-—k+m) pee “| l 
‘ oa rd X off — d : 
where X(u, 8) = s TON al? 2-2 4077 (3.2) 
provided () R(2-ktm)>0, R(s)>s8, >0; 


(it) R(u,+1) > 0, where g(u) = O(u*) for small u; 
(iif) gCu)x(u, 8) tends to zero when w-> eo for R(s) >s, >0; and 
(iv) the Laplace transform of | g(t)| exists.” 


Proof, We have 


(8) = s [rected sy, «sorta 
0 


and Kt = if c -'g(u)du 
0 


Hence, 


D 
saps f o7itt (sl) -+W »teb[t [o-gtayan ac 


"o 0 
Y Y: - 
= inf st] f e- Ce Dett-LeRTE, (Dt liu 
0 0 
Now cn integratmg we get, from [Goldstem, 1982, p. 112] 


Lect oa e Gaie 
3 


#8) = 7 TO-A) 


= f sexe, 8)du. 
0 


Regarding the change in the order of integration in (8.8) we cbserve that the t 
integral is absolutely convergent if R(Q—ktm)>0, and R(s) 228, >0; the u integral 
ig absolutely convergent if the Laplace transform of |g(w)| exists; and the repeated 


integral 


f sot), dda 
0 


* T(a X: b) denotes rat b) T.«4—5); and 
b b,a-l 
[t ia] denotes an CAES ; e] " 


€ 
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is absolutely convergent if R(u,--1)2» 0 where g(u)x(u, 8) tends to zero Bs u tends 
to co for R(8)2»8,2» 0. Hence the change in the order of integration is justified by 


the de Vallée Poussin’s theorem. 


A. Ifin the above theorem we pul k=+m we get the following known result 


in Laplace transform’ (Humbert, 1937) 





If l e(p) = f(x) 
and f(p) = 9) 
' bono ^ od 
then poe) = / (pa iple 


B. Example. Let 


g(t) = ss = f(e), R(n+i)>0, 





then with the help of Goldstein’s integral, we obtain 


p T(n+1)0,(l-n-k+m) ^ 
(6) T-»-2k) di 


R(ü-n-k4m) O0. 
And therefore from theorem I, 


(2-ktm) ^u 
[el (2-2k) ^ “law 


— DintdPyl-n-kimile —2h) one 
TO-kim)ü-n-2E 





R(s)>0, R(n+1)>0, R(1-n—kxm) 20 and RQ-k4m) > 0, 


6, Theorem II, If hits 
| ar" 1f (z)--— e (p) 


m, 


L 
f. (pm f.(z) 
and pi rf(p?) + g(x), pal. 
, then 7 e, (p) = f sewe. p)ds 
è . . 0 : 
- id 1 . E " htt 
where Ww, =) = 75s, p) 
and m(£) = 1 YT A/utr/at iim) 
8 (2ar)Mx ar! TAfmtrt/p+8/4—k) - ---- - 


TE 


(€ y Aly t Tlu- ixm 
“lor al ; ; 
Qa CLAMa tr rluc8[/A-k^ 7 


(4.1) 


(5.1) 
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provided i( a tic m) 20, Rvtmtm,—h, + 5/4) 70 
B 


and Híg,4 1) 20 where g(») = O(s"), 
gla) IV (s ) is bounded for t >t, > 0, 


Rip) > p, > 0, and the integral in (6,1) 8 absolutely convergent, 
Proof. We have [Bose 194%, p. 56], if 


NOD 


and pi-Atafjipt) = g(x) 


then, provided the integral is convergent, 


-p fu" P) 
)- rf w(t y(sjds, pol. 
0 


Ls) 
Also epi pf er (pt) VW, m (pi) x t (dt. 
0 


D D p t 
Hence ¢,(p) = rf ede pth ag „ebef f "m Joas Jat. 
0 0 


o Es " 
= l sfp f emot pt Ws i4, (pt) TY (+ )atas 
n 0 


where uty’ (e 2 p) 


In order to justify the change of the order cf iutegration, we observe that the 
s-integral is absolutely convergent, if H(y, - 1) 22 0 where gis) = O(s") and TUAE 
is bounded for (2 6, 0. The — tintegral 18 — absolutely convergent, if 
Raytmtm,-—k,+5/4)>0 and Rip 2 p. 0, the repeated integral exists due to 
the convergence oí (6. 1) e 

Thus, Ne see thab by de la V allée Poussin's theorem "ba change of order of inte 
gration is jüstifted, 


7. Corollary. If k, = m,, then uc obtain the theorem due to Dineshchandia (1952) 


8. Examp'e. Let u = | und g(r) = a”, then 


w(2)- 4 IQ t 44m) Ene d xs ż] 
as) (Qe) TD A—k 48/4) > * A+B/4—k ` Qe 
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-Afa(p), 





and g(a) = 2 + ay = ne 


H(p 20, H(nr1)0, 


therefore [ Bose 1949; y. 12] 
! fig) = Tin Deis 





x Tool) D4(-n—3/44 m) p A-n—-8/44m | " 
m po gesapa-a-k-1* 1 Aeg 54] =fA0), 


R(p 20, R(A-n-3/44m) > 0; 





z Din + 1T4A--»—2xm) het ] 
add 9.() gx-»-IP( —-n—-k- 3) ay ee ae 34 


D (v-Atn—-Qk,t+gtm) 1 
I(v-A-n—2Kk,-2) prt" 





hti Tint 1)TyA-—n-$+™) e-ta | À-n—8j4tm | - 
m OH -1NA ~n- k-}) 7 x,F A-n-k-i ajer he) 


R(pz0, Rw-Atn—2h,+8/24m,) 2 0. 
Hence from (6.1) we get 


NAME itm 


8 
eee ae -gjasat 


[ n se- (pt) b FTP yg, m (pt 


E unma pu ese ANE. Àn—2k, 8/24 m) 





IA-n-k-0l(v-A-cn—2k,-F2) 
, T0 -48/4) F A-n-8/4tm | ] 1 
D.QAxmcD?l a-n-k-i3 Olpe 


RA+ttim) >Rnt+)>0, R(p)20 
Rwem+m,—k,+5/4)>0 and Ry-A+n—-2h,+8/24m,) >0, 


9. Theorem III. If 


e,(p) = p f e40¢(pt)™-¥ TF, m (pt) 1f, (t)dt 
0 


falp)=fal2) 
“and | pi-s+ef. (pt) + g(z, pol, 
T si) = f ste, ps 


0 
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where T(s, p) = rf a7 ipt (pl)m-3W,. s ptem (E yat (9.1) 
8 
0 
and m2) cd scr sprite y (o j 
i i AN ga (2) Tl DA narjua2—k) oz 


Ta) 


Myutrlpticm | 
gal Alļe+r/u+ł-k a} 


provided R(A/u+t+m)>0, Rw+m, tm,+m+5/4)>0 and R(p,+1)>0 where 
g(s) = O(s), gom) is bounded for t>t,>0, Rip)>p,>0, and the integral 
in (9.1) is absolutely convergent. 


The proof 18 similar as in Theorem II. 


10. Corollary. Ifin Theorem III, we put k, =-m,+4, then we get the theorem 
due to Dineshchandra (1952). 


11. Hzample, Let u =1 and giz} = z^, then 


eis U(n-- DP40—-n—-2xm)D(v-A--n4m, im, +2) 
. runc aue Hrs EE pA T SE e 


m 23-»-IT(A —n—k—3)U(v An m,—k, + 5/2) n 


1 2 BAM ] 


poite PL Ansk- ? à 
Hence from (9.1) we get 


D " 
‘i f s”e~irt(pt)»u XT, m (pt)tv7* «p i-g]e di 
0 0 


A-k+4 2t 


22" I(--1DQ-ke-diLD4Q-n—irm)W(v-—A-cnem,rm,42) 
S D4Q Em) -n-k-QLD(v-A-n4m,—k-45]3) 





1 A—-n-—itm 
X yrs rna TO MU ] 
R(p)>0, RA+tim) > R(n+1)>0, 
"Rv-+m, tm, £m +5/4) > 0 and R(v-A+n+m,+m,+2)>0. 
12.. Theorem IV. If : l . 


ep) Žar- (2) 


hohl) p>1 


und pi-4tf,(p*) = g(z), " 


then alr) = f 9(0Z(s, pide š 
0 
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where i Z(8, neem (z) l 

ws is) = uie Sete e a Yee tee a 
provided RA/p+tim) >0, Rivtm+m,+8/2) > 0, 

and R(y, +1) > 0, 

where gls) = O(s"), genas ) 


is bounded for L> t, 2 6, HR(pzp,0, and the integral in (12.1) is absolutely 
FOHVEHICHUS 
The proof 1s similar as in Theorem 1I. 


43. Corollary. When in the above theorem wc put k, = d and m, = +}, then we 
get the result due to Dineshchandra (1952). 


44, Example. L.i »=1 aud g(x) = 2”, then 


ems Y: D(n* P4 -n 7$ 5 m)Ek(v -A* nix n, + 9/4) 
: 2 T'A—nu—k—41W(v—-A-n—-k, 11/4) 


A—n-icrm y-Atntm,+9/4 
r| Deal "nj 
UULA-»n-k-i MEE v-A¢n—k, +11/4 if 
R(p) > 0, Riv-A+n4m,+9/4) > 0. 
Hence from (12.1) we get 


At+dt+4m 
"( t) -i W n Dir i ; zl 
f f (pt) to mp) aP A-k+3/2 i- 2t dedi 


»" 1 IntI- b+ OTs -n-Exn)Ds(y-A 42m, +4 
-A+ r xA irm)-na-k- DI(v—-A-n—E,- 11/4) 


A-n-—icm v—-Atnutm,+9/4 
«n apes ya? 
UL A-na-k-i 3 *'Lv-Atn-h,+11/4 jd 





provided RQcE3xm)I[0-120, Rp) >0, 
Fin Ew vnd) >0 and R(iv-A+n+m,+9/4) > p-. 
My best thanks are due to Prineipal 8. P. Chakravarti for the aiedinanement and 


facilities he gave io me, and to Dr. N. G. Shabde for his help and guidance during tho 
proparation of this paper. 
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CALCUTTA MATHEMATICAL SOCIETY. 


Report of the Council for the year 1955 to the Annual 
. General Meeting of the Society. 


The Council of Calcutta Mathematical Society has the pleasure io submit the 
following report on the general concerns of the Society for the year 1955 as required by 
the provisions of Rule 25 of the Society’s constitution. 


The Council. The Council of the Society for the year 1955 consisting of the officers 
and other members elected at the last Annual General Meeting and co-opted thereafter, - 
together with the Editorial Secretary, was constituted as follows: 


President 
S. K. Banerji, 
79 uyli zi i 
Vice-Presidents  --,3 
V. V. Narlikar, | B. R. Beth, 
8. Gupta, ~*~ R, N. Sen, 


S. Ghosh, (upto June, 1955). 


Treasurer 
S. C. Ghosh, 


Secretary 


U. R. Burman, 
i Editorial Secretary 
P. K. Ghosh, 
Other members of the Council 

S. C. Mitra, H. M. Sengupta, 
M. Dutta, - : B. N, Prosad, 
M. Ray, . *8. K., Chakraborty, 
A. C. Choudhury, ON. N. Ghosh, 
N. R. Ben, V. P. Venkatachari, 
N. L. Ghosh, M. C. Chaki. 


General, The various activities of (he Society have been carried on throughout the 
year in much the same form as in the past few years. ‘The Council has the pleasure to * 
report that in January, 1955 on an invitation from the Society Prof. P. A. M. Dirac, 
Lueasian Professor of Mathematics in the University of Cambridge visited the Society 
and addressed the members. This visit of Prof. Dirac to this centre of research afforded 
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an opportunity to the various workers to derive the benefit of discussions at close quarters 
with him, on problems of mutual interest The Society also arranged two other lectures 
by distinguished foreign scientists during the year under review. Prof. A. Walter, of the 
Institute of Applied Mathematics, University of Darmstadt, Germany delivered a lecture 
on ‘‘New Researches in Applied Mathematics’’ and Prof. Deuring, Director of the 
Mathematical Institute, Géttingen, Germany, delivered a lecture on “Recent Develop- 
ments in Algebra and Number Theory’’. 


The Council conveys its grateful thanks to the distinguished scientists for their 
illuminating lectures, 


Membership. The Council reports with a profound sense of sorrow the loss of one 

of the Society’s most ce’cbrated Honorary Members, in the sudden death of Prof. Albert 

- Emstein, of the Institute of Advanced Studies, Princeton, U, S. A. ‘Ibe death of Prof. 

Einstein removes one of the greatest thinkers the world has ever produced and has been 
felt in all paris of the woild as something more than a publie calamity. 


The Council also mourns the sudden death of Prof, T. Vijayraghavan, Director of 
the Ramanujan Institute of Milhemalios, Madras, The late Prof. Vijayraghavan was a 
Life member and a lormer Vice-President of the Society and was distingui-hed for his 
manifold contributions in the field of Pure Mathematics. 


The Council regrets to report ae loss of yet another member of the Society in the 
sudden death of Prof. V, P. Venkatachari, Head of the Department of Mathematics, 
Osmania University, Hyderabad (Deccan). 


The Council desires to repurt that 18 new names have been added to the Society’s 
list of ordinary members. 


Meetings during 1968. The Council held 4 meetings during the year and there 
were 6 ordinary general meetings devoted to the reading of orginal papers communicated 
to the Society for publication in its Bulletin. 


Publications During the year under review the Society has published three issues 
of the Bulletin, namely Vol 46, Nos. 9, 4 and Vol. 47, No. 1. The Council takes the 
opportunity to record here the Sociely’s indebtedness to the authorities of the Calcutta 
University for printing the Bulletin free of charge and to the Officers aud members of the 
staff of the University Press for their valued services. 


Exchange of publications. The transmission of the Socieby'a publications to various 
countries in the world has been carried on regularly during the year and 8 new exchange 
relations have also becn established. 


Library. “It is gratifying to note that there has been no break during the year 
wnder review in the run of periodicals which the Society has been subscribing for the last 
few years. 
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Finance. ‘Ihe accounts of the Society for the year under review have been presented 
to the Council in the standardised form by the auditors Dr. T. C. Roy and Mr. K. M. 
Ghosh. The Council takes the opportunity to acknowledge its indebtedness to the 
Auditors for their honorary services. 
The Society received the following grants during the year under review: 
(i) Government of West Bengal ... - A .. Rs. 2,000/- 
(n National Institutes of Science of India M. .. Ras.  §00/- 


and the Council offers its grateful thanks to the Government of West Bengal and the 
National Institute of Sciences of India for these grants. 
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TWO DIMENSIONAL SOURCE OR SINK INA "^ 
COMPRESSIBLE FLUID 


Bt 
M. Rav, Agra 


(Received —March 4, 1956). 


1. Introduction. Problem considered here is that of a flow of a compressible fluid 
due to a source or sink. Taking the flow as two dimensional and the source or sink at 
the origin, there is a circle r = r, on and beyond which the velocity is uniform, so also 
are the density, pressure and temperature. Motion considered is therefore within this 
circle, It has not been found possible to solve the complete equation of motion and the’ 
equation of energy, taking into account the effect of dissipation. So we have neglected 
dissipation. Secondly solution has been found only for a particular value of the Prandtl 
number v, namely for c = 3 and that also when (u,/u)* has been neglected where t, is 
the velocity of the outside stream, u the radial velocity. 


The result has been expressed in terms of the Mach number of the outside stream 
and the case of an incompressible liquid for which the Mach number is infinite has been 
deduced from this. 


2. Basic equations. We consider a motion in two dimensions having a central 
symmetry and-converging towards or diverging from the centre, Take the-centre of 
symmetry as origin and u be the radial velocity. Since all quantities are functions of T 
alone, the components of strain are given by 


Oy, = glu, Ce —2*, onp = 0. (1) 
Be es r 
The-divergence is - z d 


The stress-components are given by 


Pip = —PtAA+ poy = — pa ESI du 


Dae = — pt AA + peng pea “aout, 


Pie = 0, 
where p js the pressure, er 


With Stoke’s ussumption : o WES E Ee er Ox 
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we get 
EN du _ 1) | 
Prr "e^ p «(xz T , ul ] 
b (5) 
E (&- 2j | 
Prr — Poo = Ap dr m j 
The equation of motion is 
d 
E Duct s. * (py p) " eu, (6) 
dr 
where @ is the density, and the equation of continuity is 
D (eur) = 0 
i.8., qur = const. = c. : (7) 


With the help of 2 and o the equation (6) becomes 


TE a ee t 


If i be the enthalpy, we have for a perfect gas, 
e hp ü (9) 


where y = Cp/Cy, Cp, Cy being the sessi heats ab constant pressure -and at constant 
volume and are assumed constant. 


The equation of energy is 


di 1d wrt) 
MZ E Bre tr, (10) 


where «c = pCp/K, called the Prandtl number and is taken as constant, a the coeff- 
cient of viscosity, x the thermal conductivity, and ® the dissipation function, given by 


4D = A (err + Cee)? + 2u.(67—, + 6759 + 26715) 
i du. fu\? udu 
: DORR 
is in dr t/ TAT ay) 
Further ıb is assumed that approximately. 
tenis (12) 


* where the suffix 1 denotes to tbe outside stream. 
3. Source. Here the equation (7) becomes 
gur = C = Qut), (18) 


TWO DIMENSIONAR SOURCE OR BINE ETC. 


so neglecting dissipation, the equation (10) becomes 


00,0 rt = z( d) 
DYIW NaS 
Now from (9) and (12), we have 


= XE = — pur 


where a= 3" 


It is easy to find that the dimension of a is zero, 80 it is a pure number. 


Hence the equation (14) becomes 


di _ AN 
a TELE a i, dr ie 


A solution of this equation is 


i= i, +b log Z 
1 


Sits b = o tn 
Bi 
T" uu d 
M 4-1 a 
Thus Bom gut coo, log—. 
I 
Again from (15) 
u? >» 
w T= poe 
pu 4 Be 


uu? 


NL 
ers (m+ een, log Ll) 


1 


Using (21) and (22) in the equation (8) which is 


d 


_ db Ol (ieu) (&- 1)- pai 
TTT p 2 z +2p To = eth 


nt 


(14) 


(15) 


(16) 


(17) 


(19) 


(20) 


(21) 


(22) 
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we get 


1 3 

u du r ur 

=i (^ T: o +00,U,r, log 7) - ote u 
a dr n a 


du d 
tu?) (CELO log — yrs - : )ese ji (2 D - A senum 


du u du 
+2u? ( +00,",7, log +- “Yu wir, = 0, 
By roa, ae Aar F RET Ty 


(24) 


It is difficult to find a solution of this equation, ‘The equation however has been 
divided into two parts and each part has been put to zero Tho solutions from these 


parts have been made to correspond to gach other under certain limitations. 


So to solve equation (24), we take 


EON tow! — gout 2, pl! = 0, 
a dr dr y 
2 
and uy" (ur rt) 4 gun PC plu “Ya aut/(4u— 2 Sih 
j a d dr T dr r 


From (25) we have 


(do — — Baur = o (2au* - 8u,?), 
the solution of which is 
2au?+3u,? = Aricide- 9), 


where A is a constant. 


Using du/dr from (27) in the equution (26), we get on simplification, 


4120 — 8)(2c — 1)a? ut —8(4e — 8) (20 — 1)au,?u* + Vou," = 0. 


If we neglect (u,/u)*, the above equation can be satisfied by o = 4. 


With this value of «, we get from (28) 
(2au* Bu Pi? = (2a 3)uy rh, ... 
uF 2ar? 
oii that . c (2a + 8)r,? — 8r? : 


If (u,/u)?<1 then 
2ar? < (2a + 8)r,7—- 
giving Tn, 


which is true. 


(27) 
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This consideration muy somewhat justify our ussumption that (u,/u)' is very small 
and hence can be neglected. p p 
In this ease we have ERA . 
(ma, B25" Jog 7, (82) 

2u, ry 


But r/r, «1, hence: isless than i Thus i decreases inwards as we go 
towards the source ; hence the solution will fail when r is less than its value given by 


Ti 
2p, = gu,” log F 


= clog =, (38) 
It is tobe noted that 24,/c is a non-dimensional quantity hence a numerical 


constant, 


The equation (83) gives the inner boundary t.e., the motion is considered within 
the region bounded by (83) and r= r,. 


We also note that the numerical constant a can bo expressed in terms of the 
Mach number M of the outside stream, 


for a = pul (p,rj) and u, /t, = (4 —1)M* 
hence a = p,yM*/c. - (84) 


4. Sink. Here the corresponding equaticns are 


Qur = ~e = pT (18a) 
go that C = Us. (15a) 
Also =e s pur 
Uy 
where as before a = pitt (pir). (16a) 
Corresponding to (14), we have 
a LE m di d Sata :) (14a) 
solution of which is i= i, +b log = f : (18a) 
$ i 
where p = Then (19a) 
Py 
uu EY d (20a) 
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Also B= gu Te, log — 
f ; 1 
The equations (28) and (24) bere become 
_,dp 2 (oin - y (&.3)-- du 
tn Pala gO ae ea 


: d . ur 
and us da G3 —c9,u,7, log = )- SOM Tig 
a dr n a 


dV 3 ex 


+u (u -venan og 2 (2% - 2) ero - years 
Ti T 


rWdu u du 
* 2r, = Tg," log a f 1) + QU, T Uhr = 


The equation (28) becomes 
Zau? —8u,? = Artelte -3) 
and, (29) becomes 


4(2o — 8) (2e — 1)a?u* + 8(40 —8) (20 — Lau,7u?+9ou,* = 0. 


Hence again neglecting (u,/u)*, we get 


o=%4 B 
and ` ' (Qau? —8u,?)r? = (2a - 8)u,?r,*. 
Her | raja quat. 
a : 2n, — is Ti 


so that i increases towards the sink, 


(21a) 


(28a) 


8. Incompressible liquid. In the degenerate case when i=i, so that b=0 


-hence a is infinite. 

Here from (81) we have 

(2e (ys = (24 3 Jey 
Q a 
.or when a is infinite, we get 
l wr = u, r? 

or ur = UT 

This corresponds to the case of an incompressible liquid. 
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ELASTIC STRESS DISTRIBUTION IN A THREE-LAYERED 
... SYSTEM DUE TO A CONCENTRATED FORCE* 


By 


GUNADHAR Parra, Kharagpur, West Bengal, 
(Beceived — December 29, 1964) 


Summary, The problem of the stress distributicn in a semi-infinite mass having two layers of 
different material over ıt due to a concentrated surface has been solved hy the usa of Hankel transform of 
the stress function, A formula for the ''Equivalent Depth” replacing the two upper layers by the same 
material as the undeilying mass has been derived. Numeral results have been considered for a particular 
case, - 

1. Introduction. The design of highways and airport runways as well as the 
foundation problems is soil mechanics, specially when the earth mass supporting a heavy 
structure has different soil strata over it, lead to the investigation of the stress distri- 
bution in a layered system. Attempts to obtain a sufficiently close approximation to 
the actual physical conditions encountered was made by Burrnister (1948, 1045) in 
a series of papers. Fox (1948) extended Burmister's work by computing the stresses 
inthe lower layer of the two-layer system. He alse computed in the same paper 
stresses in both layers, using the "Relaxation Method’’ developed by Southwell. Ina 
latter paper (1951), Acum and Fox attacked a problem in a three-alyer system only by 
the method of Burmister ; for, in that case, Relaxation Method was found to be laborious. 
In the present paper, a three-layer system has been considered when a concentrated 
force acts over the upper layer. The method of solution consists in taking the Hankel 
transform of the stress function instead of the stress function itself. A formula for the 
"Equivalent Depth’’ replacing the two upper layers by the same material as the under- 
lying mass extending to a great extent, is derived in terms of a certain integral involving 
determinants and thus the whole problem is reduced to the Boussinesq problem of a 
concentrated force on a semi-infinite mass. Numerical results are considered when the 
upper layer consists of concrete pavement, the second layer 1s of gravel base course 
and the lower mass is the natural soil, as in the case of airport runways. 


2. Statement of the problem,  Let.the material under consideration occupy the 
lower half of the plane & = 0 and the axis of 2° ibe taken positive when drawn inlo the 
material. et the lower boundaries of the first and the second layers be given by the 
planes 4 = h, and g = h, respectively and the underlying mass extend to infinity. The 
interfaces are supposed to be perfectly rough so that the stresses and the displacements 
are continuous across it. It is required to find the stresses at any point in the material 
with chief emphasis on stresses in the underlying mass, when a concentration force P 
acts at the origin in the positive direction of the z-axis. 





* An abstract of this paper was published mm the Proceedings of the forty-first session of the Indian Science 
Congress Asso ation (1954). 
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3. Method of solution, Since the physical quantities involved in the problem are 
all symmetrical about the z-axis, the four non-zero stress components Cs, v, Ce and rz. 


` as well as the two non-zero displacement components u, and us are obtained ‘in terms 


of a stress function > satisfying the differential equation (Fox, 1048, witb- different 
notation for the stresses and the displacements) 


NA 1 a? y 
ves( S, «i$ 9-0 (1) 





where r = (z?+y?)* is the distance of a point (z, y, e) from the z-axis. They are given 
_by the following expressions: s 


5s = e[e- c)Vis- 25 ] (2) 
P S[a-ov*s- On | (5) 
ty = a£ (6) 
w= i*e[a- 3o) Vs $3 9t e +12] (7) 


In the present discussion, the stress function 9 will be replaced by its Hankel 
transform G, defined by, 


Gig, 2e J rod gl€r)dr, (£2 0, # > 0) (8) 
0 


where J, denotes the Bessel function of order zero. 
Multiplying both sides of equations (1), (2) and (7) by rJ,(£r) and equations (5) and 
(6) by rJ,(£r), integrating over r from’ 0 to co and using the results (Sneddon, 1951) 


f la rdr =- ERO 


c 


s doy 1 dj ñ 
J (211 dy, (dr = -EFE 


where, E = f vf (rJ (£r)dr 


0 
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we obtain, ( ee -ey at, z)=0 | (9) 
l / rol frr = (1-0) EG - asp S (10) 
s PG, 
tty] (Er) dr = £ -(1—-o)£G (11) 
| fuis eie cand 
f rur (£r)dr = 147g 38 13) 
f 79. (£rdr = &*9[u-29) 78 -20-9£6] (18) 
0 R 


Using Hankel Inverse Transform (Sneddon, 1951), we get from equations (10) to 
(18), the expressions for stresses and displacements as 








v= fefe- 48 -e- oe $8 Joana as 
0 
T [^ bi GE (15) 
0 
Gl ilEr)dé . (19) 
u= n) " ei -:a-oepteac am 


The stresses c, and c, can also be expressed in terms of G by the method given 
by Sneddon 


The solution of the equation (9) is given by 
G(£, 2) = (4 4 Bz) cosh £s + (C + Dz) sinh £2, (€>0, 2 > 0) 
where A, B, C and D are functions of £ to be determin- d from the boundary conditions. 


4. Solution of the the problem. We shall use the suffixes 1,2 and 8 for the 
quantities connected with different layers. Thus E,, E, and'E, represent the elastic 
constants for the upper layer, middle layer and the underlying mass respectively and 
simila: notations will be used for other physical constants and assumed functions. 


The concentrated force P acting at the origin on the upper surface can be looked 
upon as an uniformly distributed pressure P/(za?) over a small circular area of radius ‘a 
souriounding the origin. Thus at | E 

2 —19086P—? 
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2=0, of = —P][(xa?) Osrsa 
(18) 
=0 í r>a 
where ' a0 

The expressions for G(£, 9) for different layers are as follows :— 

For the upper layer, G (é, 2) = (A, + B,2) cosh £2 (C, + D,z) sinh £2 (20) 

For the middle layer, G, = (A, + B,2) cosh £z + (C, + D,2) sinh £z (21) 

For the underlying mass, G, = (A, B,z)e- * ' (22) 


where £20, 2>0. 


The fact that tbe stresses and the displacements in the underlying mass vanish 
, 88 z tends to infinity has been considered in writting the expression for G,. The 


boundary conditions are as follows : — 


Ab geo, (05);-, is given by (19) 
(ria = 0 . (28) 

At g= h, D  (On)swk, = (03-5, (24) 
(Tar:)sek, = (THa)s=h, (25) 
(uri) cn, = (Ura)sah, (26) 
(Us,)soh, = (tea) ser, (27) 

At ah, (O'5)s=%, = (Csy)30h, (28) 
(rarslsok, = (Fars)eh, l (29) 
(Uya)seh, = (Urs) sh, (81) 
(Usa)sud, = san, (31) 


The ten equations (19), (28)—(81) will determine the ten unknown functions 
A,, B,, Cì Dy, Ay, Ba, Cs, Dg, Az and By. 


Substituting the value of G, from (20) in (10) and using the condition (19), we have, 


Jet B,ü- 27) £041 en f. (- Z5 tir 


giving, ' _ 0,£ = Bí(1-2e)) + P[Qa£?) (82) 
Similarly, from (20). (11) and (23), we get, 
A,€+20,D; =0 (83) 


. Substituting the values-of G,, d; and G, from (20) (21) and (22) in (10)—(18) and 
using the conditions (24)—(81) and eliminating A, and C, with the help of (82).and (88), 
we get on making the substitution, 
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hh, Mes, Aalha = A. Cilh = Ca Aho h= A, i) 
P, = cosh£h, 9g, = sinh €h,, Pa = eosh£h,  q, = sinh fh, (84) 
(l+o,)/(l+o,) = 1E,/E,, (L+o,;)/(l+o,) = mE,] E, 
the equations connecting the unknowns, 
A'ynd, + Bafing —(1—20,)p,} + C’aqp. + Daftyp, — (17202): — Bi tga, 


Ph py _ 
3, = 0 (35) 





= D ftp. = qi! = 


A’ynp, + Biftop, +.2029,$+ C qt D; fingit 203p} - By (tqpi + d) 


2 
— Dying, - Et Le = 0 (86) 
2r 4 
A' yndi m B (tng: F pi) + C's Ps + Dita: + qi 
-= [Bitna +2(1-0,)p,}+ D,ftqp + (172e)ai-* Prap] =0 (37) 
e T r 
A'snp, + B,(twp,— 2(1— 2o,)41] + Cyndi, + D,ftng, -2(1—2c3)p,l 
Ph, 
- i[5.ttsn. “We 2o,)0,] T D,(t«di -2(1— o,)p,t + = 4] =0 (88) 
A's, t Boing, — (1 —2c4)p4] + C'zapa + Dita, — (1—20,4)4;] ; 
+67" A’sn+ B,(41—20,)] 20 (89) 
A'ynpa t Ba(np, t+ 20492) + C' 27d; * Ds( 04 20, p,) — 67" [Asn + Bs (4 —205)] = 0 (40) 
A'snda + Ba(pa 504) + O anpa t Dalda t+ Pa) + me- [A^ B,(n— 1] =0 (41) 
A'ynpa t Bafnpa—2(1-— 20:)ga} C574; + Dina; — 2(1 —-2c9p.l 
—mo-[A’sn+ Byfy +2(1-2o]=0 ——— 9) 


The equations (85)—(42) give theoratically the eight unknown function which when 
substituted in relations (14j—(17) give the stresses and displacements. 


B. Numerical evaluation. We suppose that the upper layer consists of (ho 
concrete pavement, the second layer is qf gravel base-course and the underlying mass 
the natural soil and we take the following elastic constants for the different material. 


For the upper layer, E, = 8'Qx 10? lbs. per. sq. inch. c, = 0716 
For the second layer, E; =1°5x108 lbs. per. sq. inch, — 64 = 0°25 
For the lower mass, E, = 0°6 x 10? lbs. per. sq. inch. o, = 0°50 
Thus EQEE,—10:5:2; 13046, m= 80. (43) 


Then the equations (85)— (42) reduce to the following simplified forms. 
Aygıt Bi(tngi— O-Sp,) + C'jnp, + Di(tnp, —0°5q,) — By tag, 
2 
Du Pinay (44) 


^ En t 





-D,(twpi — di) 


3 
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A'ynp, +B (tnp, + 0-5q,) F C'an + Daltng, +0-5p,) -B pi +q 1) 
Ph, q, _ 


—D,t«q, = On yt 
i 





Ayn, + Batya t pi) tC ssp, +D,\trp,+4,) 





-046| B (tna, £1Tp, 4 D (tnp, 4074) + P B] = 


2r ow 


A'vp, + By(tepy— 4) + C'yna, Daltngi— p) 





- 0-46] B, (typ, - 070) + Diling 179) + E 4] = o 
7 7 


Á'yrqg  By(sq4 — O-5p.) + C’yqp, + Da(qp,—9'5q,) +67"[ Ap + Byn] = 0 

A' ripa + Bal gpg + 085g, + C'yaq,  D,(244- 06p,) — e^" [A'yo + B,(5—-1)] = 0 

A'sngs t Bapat nda) + C'yspa t Dilda tnpa - 8:067 [A^ + Baly,—1)] = 0 

A’ynPa + Bo(4p4— 03) + C yg, Dna- p,) 8:067" [ A517, + By] = 0 
Equations (44)—(51) can be solved with the help of determinants. Thus 


A'n = = B, Ox EZ € D, = B, = D, = d'an~" = Be~’ = _ Phi d 


Ay Aa As Ay As As A^; As 2n? As 


(16) 


where the determinants A,, A... A, are each of eighth order The eight columns of the 


soveral determinants are formed of the coefficients of 4',7, Ba, C'on Da, —B,. 


à 


-D,, 


2 
A'yne 7^, B,e ^" and — E respectively, and the order of arrangement of there columns 
TY, 


are the same as the order ot arrangement of the quantities A’yz,. ... m equation (52). 
Thus 
As =| g, '49,-O5p, p, typ, ~-0-5q, fqq, iwp,—4i 0 0 
Pi typ, +0-5q, q, t4q,+0-5p, typ, +, tq, 0 0 
qı Ug tp, D, Üap, q, 0:48(trq, + 1-7p,) 046(trp, F0 7g,) 0 0 
Pr !up,—d, — d; ngapi 04 (typ, -0°7q,) O46(64,4,-0 7p) 0 0 
d. nga- Up, Pa 4Pa—-0 5de Ds 0 lO n 
Pa 4P,+0-5q, Fa 44a + Op, 0 0 —1.0 —(,-1) 
Qa Dat da — Da dit Ds 0 0 8.0 8(»—1) 
Ps "Pa—4s —— da "d3—PD; 0 0 —8-0 By 
(58) 


The determinant A, will be obtained from (58) by replacing the last colux 


nbya 


edlumn whose first four elements are Ty, d, Pı and q, respectively and the remaining 
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four elements are zeroes ` Similarly, A, will be obtained from (538) by removing the 
seventh column and adding at the extreme right, a column same as in the case of As 
mentioned above. 


Substituting the value of G, from (22) in (14) and eliminating the unknown 
functions with the help of (52), we obtain, when 


r= 0, #= hy (Z)r=o m - PIg)/ Gs) (54) 
where I(t)= | «(As A Ass (55) 
0 


In a homogeneous mass where there are no layers the vertical pressure c, ata 
depth d, vertically under the load point (i, c, T = 0, z = dj) is given by the Boussinesq 
formula (Krynine, 1047) : 


(Ss) o = —8P[ (2nd,?) i (56) 
sud, 

If d, be the “Equivalent depth’’ replacing the two upper layers by the same 
material as the lower mass, such that the stresses in the lower mass remain unchanged, 
equating (54) and (56) we have 

d, = /8h,I-* 

When the Bearing Capacity (Krynine, 1947) of the soil is known, d, is obtained from 
the relation (56) for a given load P and then the relation (57) gives h,, Thus the 
thickness of the pavement with relation to the base course is determined. The value 
of I(t) can, of course. be determined from the relation (55) for different values of 1. In 
practical problems, t is less than 0'5. If we take è = 0'5, the values of I and d, are 
277825 and 1'048 h, respectively. 


In conclusion, I thank Dr. B. R. Seth for his kind help in the preparation of 
this paper. 
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ON MEIJER TRANSFORM OF TWO VARIABLES 


Bx 
A. N. MEHRA, Lucknow, U. P. 


(Communicated by Dr. 8. E. Bose—Received November 4, 1954) 


I 
Meijer (1941) introduced the transform 


o(p) = p | ect Wi n(pa) (pa)-*-4/(a) da, 
0 


where ]/,,(2)is the Whittaker function. We shall denote this integral equation as in 
Jaiswal (1952) by 


Is 
f) 4 qp). 


Similarly, if zis replaced by y and p by q, we shall have 


e(q) = q f e-t Witt, s(qy)(qy)-*-*f(y) dy. 
0 


A function of two variables z and y, f(z, y), will be replaced by a function: of two 
variables corresponding to p and q, 9p, q), by the double integral relation* 


20 
9(P, 4) = pa Í f e Wee FY Witi, w(pz) Wy, m (qy) (pz)-^-*(qy)-^-*f(z, y)dady (D, 
0 
which we shall denote symbolically by 


kd, k,+4 


fe y) om, boa) 


When k = +m and k, = +m,, due to the identity 


emt = (pæ) -+W mtp, s (pa) 
(1) reduces to i 


e(p, 4) = pq f fee, y) dzdy, 
0 ; 
which is symbolically denoted as 
(pq) =f, y) 


and is well known as Laplace Transform of bwo variables. 


IGI EE ee ees ee ‘ 
D o L] 

* The vua | J omes. [ jp f 
o o o 
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When k-in-i, mori k =4n,-} and m, = ti 


(1) reduces to 
op, q) = 2-# pg f l Í cir tor(pz) - in(qy)- t". D,((2pz)9) D, (2qu)9) f(z, y) dz dy 
0 


and will be known as Dn D, transform and symbolically denoted as 


fle, EET E 3A, qq q). 


When k = 4n+l,m= tán, k, = 4n, +1, and m, = +4n,, 
(1) reduces to 


o(p, g) = (=) thl! f J m3 b) Dip stay) f(r, y) dzdy, 
o 


where l and l are positive integers and will be known as L”; L'^; transform and symboli- 
cally denoted as 


iniri ocv 
+n, +47, => stp, q). 


f(x,y) 


The object of this paper is to develop the theory ot Meijer transform of two variables 
on parallel Imes to that of one var‘able. In section I we have given some of the rules of 
Meijer transform. Since they are similar to those of Whittaker transform [Bose (1952)], 
therefore, we have only given those that we have used or the ones that are new In 
section Il we have found out the Meijer transforms of some of the known functions of 
. Analysis, which have been latter on utilized in illustrating the theorems. In section IIT 
we have obtained certain results by utilizing the properties of Generalized Laguerre poly- 
nomial, Parabolic cylinder function and Bateman's k-function. 











(1) If f(r, y) = fia fiv) 
and if has tł (p) 
fale) 53 seg), 
then ei, g = ein) e.(q). 
Bue itp, 9) Ert s, y) 
and k+4, k,+4 


ex(p, 9) m, Mm, fale, y), 


ias [Jo u)vf,(u, v) Z =f fat 0 f.i, pitt 
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provided the integrals are absolutely convergent. 


From the definition, we have 


pu, v) = w f | TV ia, (ts) Wi ty, n (vt) (us) ^7 *(vt) ^ 3f (8 Ddsdt. (1.1) 
0 


o) em te f f oci iua, ut) T aa, mlo) (o) 9-4) x 
0 


falu, v)dudv (1.2) 
Now 


a Qalu, v) fy (tt, v) ) & d =f [ ie» v yan f fe purget e bo 


(us) Wi, e (ot) (ua) 57 3(vt) mi f, (8, t) dsat] 


n fs 8t) dadt 5 eicit, t (us) Wy, p m, (vt) (u8) ->t x, 
; J f [/ J Wi Wy 
(vt) -h 1f (uv) dude | 


= [ [1o 4) 9,(8, gem. from (1.2) 


provided the change of order of integration is justified. 


When k = +m and k, = +m., this rule reduces to a theorem of Bose (1949, p. 178) 


Il 


In this section we have obtained the Meijer transform of some of the known 
functions. 


(a) If fe, y) = ary”, 


j 2 Ux(n - fe 13 m), -k tiim), ~n 
T(n-2k +1) I'(n,—2k,--1) 


then* 





(p, q 


q™, 


provided — R(n—k+1+m)>0, Hín,k, 1n) >0 and Rip, g)- 0 
lf k =+m and k, =+m,, we have [McLachlan and Humbert, 1941, p. 62] 
aryr =D'(n+1)0(n,+)p 7, 
R(n+1)>0, R(n,*1)20 and Rp, q)>0. 





* The symbol Ty{a+8) denotes I(a--8)I(a—8) and R(p, q) >0 denotes R(p»0 and R(q 0. Also 
Fa [++] denotes Je [**5 275 A 2] s 
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(b) If f(x, y) = (c+y)*, n being a positive integer., 
= 3 8Q,gn7 qt, 
r0 


then 





R8 [n(n—-1)...(n—r1) Pu(n-7—ko lim) Ty(r-kyt1 im) -ner | 
(p, a) -à[ 7i Pa-r-3-r ^— De-35el) S 


R(-—k+1l4m)>0, R(—k,+14m,)>0 and R(p,q)— 
Further, if k — 4 m and k, =+m,, we get [McLachlan and Humbert, 194 p. 62] 


"ell ntl 
q D 


i q—p 





(e eg) 


(c) If f(a, y) (cy)t*J,(2(2)9), 
then 


e(p, qd) = p4 T J cima Wirty, w(pz) Wars, m (ay) (pz) -*7*(0)) =E x - 
j , 


(zy)$*J,(2(zy)*)dedy 


Now evaluating the z-integral by the relation (7) [Jaiswal, 1952, p. 889] 
we obtain 


_Ty(n-—k +14 m)p- sf: aci Yeh 
“Tore Ii, 2 979 Wurt mlay) (ayo x 


n—krlim =] 
. “Vlg 
p^ n—2k+1° p y 


e(p, q) = 


Now expanding ,F, into infinite series and changing the order of integration and 
summation, which can easily be justified, and using the Goldstein’s integral [Goldstein, 
1932, p. 114] 


dtte — Faltin) I : d 
A f» 16-GDe W, „iode — teeta) _ 
1 aE else ion We t s 
Ril+gtm)>0, R(z*-1)2 0, 
We have (wita a? = 0) - 


(pg)-^ (-Y itn- ktlim+r) Da(n—k -1-4m,4r) 
red "m m. D(n-41--r7LP(n- Firin 2k, +1+r) 


(pq) 


ni T\(n—2k+1) D(n—2k, 4 1) 


rl", k+1lim, n- kt lim, -1 
“la e1, n-2k 1, n—9k, +1 -pq 


Rin-k+lim)>0, R(n—k,r1xm)20, R(p,q Y 0and|pq|1. 
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lf k= xm and k,— £m, we have [Bose, 1952, p. 27] 


-.U(n+1)pq 
(zy). (3(zy)*) = PIFI 


(d) If in (c) we take n = 4 and using the well known result 


r 
k as 
Y 


(ey). (ey) == sin Qley)), 


we have 
kj, kd 2 LP4g-kio) T«d-k im). 
ene) (cq — TG-35PG-3k) 


P ce 


li k=+m and k,=+m,, we obtain [Bose, 1052, p. 27] 


sin Q9 55 gcn 


(e). Ifin (o0 we take n =—4% and using the well known result 


E (zi) a lzy) = cos ey) 


we get [Bose, 1952, p. 28] 
1 . "pq 

yi °° Play) = "(pq - 1 
f Ti fia, y) zs gn Q7 0974, 


then 
1 TWu(v—-krlrim)U.—k--1xm) 
Jedi Eo DWesbriasesd) 








lv- 2k +1 "UR Ly, -Qh, +1 ” qg 


xs D o. ; eye ; ze] 
R(v—ke14m)20, Riv,-k,+14m,) > 0, ien R(q+a,)>0, |p| 5 ]a 
end jgí7 |a, .. 
If we put k =im and k, — x m,, we obtain 


TYv 1) Cv, 4 1) 
7 nti P4; 


qvi 704-770: s ee ree er eds 
y rmv o, +q) 


R(v-1) 20, R, +1)>0, Rip+a)>0 and R(q+a,) >0, 
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(g) — If fie, y) = H,Q(xy)*), 
where H,(s) is Struve's function, then 


(baies 2 Ty(4v—k +8 4m) Uy(gv—k, +$tm)) , 
PP) d at(pgi 7*0 Dev + 9D —-2k- 2D Qv-2h, 8) 





T lu ied b-keitm,. =] 
sity 3, vt, dv—-2k +9, v-2k +5 aeo | 


Rav-k+g4m)>0, Rigv—k,+$4m,)>0, Rip, q)>0 and |pq|>1. 
Further, if k= +m and k, =+m,, we get [Bose, 1952, p. 29] 


H, (2(zy)* = 2T (3v + 3)}? Fy utd, dvo . zr 


e (pg) itini (v + 8) 8,vr ' pq 
R(jv-8) 0, R(p,q) 20 and |pq{[>1. 
(h) If f(z, y) = L,(2(zy)*), 


where L,(2) is Struve’s function for imaginary argument, then 


Dv bcd +m) Dydv—h,+§im,) , 


2 
vp, d) = WU w+ el Gv—2k+ DEG 2k, € 3) 


1, 4v-k+ĝtm, iv-h,rüxm,. L] 
8,vtj, 3v —- 2k + 8, iv-2k, 48 ^ pq. : 


R(4v-k+Zim)>0, R(v-k, ttm, 0 Rp, q)>0 and {pq| >1. 


x,Fi| 


Further, if we take k = +m and k, =+m,, we get [Bose, 1952, p. 29] 


AAT àv + 2)? F pes qvt+g,1 | 1] 
ri(pg)t* Dv + §) © Li, v8 ' pal* 
R(iv--8) 20, R(p, q) 2 0 and |pq|7 1. 

G) Tf f(x, y) = 1,(2(ey)*), 
where I,(z) is Bessel's function for imaginary argument. Then 


pai 1 D«v-ktiim)D.v-kh tim). 
P1 = Gye D(v--1IGv-2k41)v-32k, +1) 


L,(2(zy)*) = 





2 F oper dv—hy+lim, | 3] 
tE vl, gv- 2k +1, 4v-2k,+1 ' pq 
Rüv-k+14m)>0, Riv-k,+Ltm)>0, Rp, q) >0 and lpg|>11. 
Further, if k= +m and k, = -m,, we get [Bose, 1952, p. 80]. 


e 1 {pF ivtl,ivtl 1 
I,(2(zy)*) T. (pq) I(v41) P| | 


. (y) 7 —1. 





vti ' pq 
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(j) if f(z, y) = X? a2zy)*) 


= bei? {(2ay)¥} + boi? (2(9zy)t], 





where X°f2(Qey)¥} = ze oFa[n 1, $8 8 1, n o 3; 27y?] 


and ber(z) and ber(z) are Kelvin's functions. 


Therefore, 
_ 1 2^ 1 
*(p,q) - (pq)? (n ?T( +I (3n + DT (n +4) > [: IL'(n 7 1)IY3n +r+ 1E (4n  r -- 4Xpq)ar 











Pe ar EP n tort Tem]] 
I(n —2k + 2r+)l'(n—2k, +2741) 


2 Ty(n-k+1limUn—k,+14m,) 


* (pa? T(n - 3E + 9k, + Din Tn € DT n DP Gn t DP 





n—-2k+1 n-2k+2 n—2k,*1 n—2k, +2 
PH d ge a 


f n—-k+lim n—-k4+24m n-k +i4m, n-k 24m, , 

l 2 3 ae) = —— 79 — Den 16 
dd pgp , 

l 


Rin-k+1im)>0, E(n—k 1xm)20, R(p 4q) >0 and |pq|/>4 
If k=+m and k, = xm, wo get [Bose, 1952, p. 81] 


2^ gt a ai 


MES og? : , 


n+l pq 


III 


We shall now obtain some properties of the Meijer transform by utilising the proper- 
ties of Generalised Laguerre polynomial, Parabolic Cylinder and Batemen's k-functions. 


Theorem ]. If o,-44-.(p, q) is tpe transorm of q(x, y), thon 


Pq f. J (pqzy) - "e-*?-9!L* (pa: + qy)f(x, y)dxdy 





= ( — Y (a + 2r) D(a + 2) 
Dx n—r)!vrI D(e+n+74+1) 95-5, n-r(P, d) 


the integrale involved are absolutely convergent. 





+ Jt is easy to seo, from the asymptotic expansions of ber(z) and bei(s) that i 
Xi((g(82)5)) = O {e-texplá(a)i)} 
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Proof. We have 


Gur, n=l, d) = {(n—2)!P pg r J (pqz y) **'e-*-? L* * pret? (qy)f(ry)dady 


Multiplying both sides of this equation by oes T 
H—Tjir: X i 


aud taking the sum from r = 0 to r= n, wo get 


s (+) (a+ 2ry a +?) ] 
2 9 DirlP(antrel) jin aerlb, D 





inf. fire te are a anti a 


x (pq ey)'f(e, y) de dy 
Now using the result [ Burchanal and Channdy, 1941, p. 127] 


‘i - (7) (n —r)! (e - 2r) (a+r) vp eter a--2r 
(B) Ly (= * y) 5E riT(atu+r+1) (PU) ,-, GM, () i 





we have 





. ( — (a - 2r) 1T'(« 4 r) 
2 (n —7) Ir! Pernia j aen q) 


= py f I (paxy) "e772 -w L^ (px  qy)f(z, y)dedy, 
0 


. provided the integrals are absolutely convergent, 
Example. lf f(z, y) = (zyM"J,(2(zy)U). then using Example (c) with k = 42+n 
and m = $2+7, we have 


ep *[ Pere gra op F Ppa be zi] (8.1) 
t 


Poon n=r(P, d) = n! I(1-«—n) 5n +1, 1-a—n, l-a—n pq 


Henco using Theorem T we have 


yt aa qy)J ,(2(xy)*) dedy 


) (x 37) yan (cia 
PX TETTE rf nr 1) $s-r, a>r Ps q), 





where &x-r r-r (P, q) ia given by (8.1). 
"Theorem IT. Jf «(p 4) T gi yihif(n, y), where f(x, y) is not a function of 


n; then 
e D UNE cull = gay L Tama ZAPE |y, ydrdy (8.2) 


ni 
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provided R(u, +1) > 0, R(p; +1) >0 where f(x, y) = O(v.) for small x and f(v, y) = O(ys:) 
for small y, f(x, y) is a. continuous function of x and y for zz 0andy20,|t[«1 and 
the integral in (8,9) is absolutely convergent. 


Proof, We have 


2°(pa) em, (p, 9) = pg | fo-tet D. (po) D (2ayifte, y)day. 
0 


Multiplying both sides of this equation by = and taking the sum from n=0 to 


n = co and changing the order of integration and summation, we have 


ELM 


ne ; éd 
“fain Se 
=pqf forsee SD, Qpr)sDy2au)iflz, ydedy (8.2.1) 
0 nap 


On using the Mehler's formula [ Watson, 1988, p. 195] z 
1 


i = 1 4zyf — (a? + y*)(1+ t?) Reo 
(C) 2, ci gr P Dao) (x /2)*(1—#) expl E - E HO), | t | « 1, 
we have ' l ; ; 
© 2ra (pqji» -n f 2t(pgzy)* — (pz + qy) 
2 UE Pn, (p, d) = G-r} iA fof Dove pee We, y)dzdy (8.2) 


Regarding the change of order of integration and summation in (9.2.1) the series is 
uniformly and absolutely convergent for.|.t <1 and the integral is uniformly and absolutely 
convergent for & >O and y >O, if R(u,-- 1) >0 and R(u,+1) 7 0, where f(e, y) = O(am) 
for small z and f(z, y) = O(y^) for small y, R(p) > Po > 0 and R(g)zq,290; fix, y) is 
a continuous function of & and y for «>0 and y 2-0, Also the integral in (8.2) is 
absolutely convergent. Hence the change of order is justified with the above conditions. 

Example. Let f(z, y) = wry, 7 


Then, from example (a), 


z T2 + DT Qv 4 8)p- nq 


Pa, (s d) = 2'*3T'(3 Ev —4n)T(2--v —4n) 


Hence from theorem IT, we get pe 
oo 
x NE 
g-e 
0 


= 7T'(2v - 2I (2v +8) . P 00 a (ye 2y14- 225 
Pe gg e 


R(v*8) 20, Rip, q) 20 and |t| 1 


2(pquy)tt — (pz - qy) Jet tdzdy 
1-# 


"ll(v*i-pol(r2-ijn peiqdiBpgai 
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Theorem III. Jf x"y"f(z, y) Ty Puoh n- . (p, q), where f(z, y) is not a function of n, 


then, provided the integral and the series converges and |t |<1, 


n nin-i t + D 2 t 
Ersten Eom f fent! yos 
n=l 


Proof. We have 


94—4,n-4(D, d) = PY I f e-tireti Ws (px) Wa, L(qy).(pa) ""(qy) "ary" (a, y)dedy 
0 


= (n9 (pgy-7 f [ ts pst Gay), y dedy, 


en using the well-known result 
W, x(t) = T(v41)ks,(3!), where k,(2) is the Bateman's function. 


Multiplymg both sides of this equation by ni"! and taking the sum from n = 1 to 
n = co, changing the order of summation and integration and using the result due to 
Shabde [Shabde, 1986-87, p. 277] 





(D) Soest) = 2e) EC Sex [- ery tt ly, (eu [e| c, 


n=l 


we obtain 5 mre 9-4 n-4(f, q) 
£n 1(n—1)1 i ý 


= eor f^ [eun os to pr (Rr aote 


Theorem IV. If 


FERANT ker 


(gt) Sif (s, t) ——+ ex(p, 9) 
and pla, y) H oP HOPED, (+-+ Wt s (pa) W rtt, s (QE) (6,0, 
Lp bhEq Rs E 1-2 
ihen PaP, q) =. [EO 3 , ylz, y) (zy) dad, 


provided the integrals converge absolutely and the Meijer transform of |(st)-"**f(s, t) { 
exists. 


Proof. We have from definitions of Meijer transform of two variables and Laplace 
transform that 


Am q) = p^*ig^h ar fe- 3551, 11, s (ps) 871757*e- 12 Wy ay, s (qt) too nfs, t)dsdt 
i (4.10) 
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and 


V(z, y) cy f. fe Sa ag Vert WERE OF RIT (D0) TV, 1 a (qt)f(o, t)dadt — (4.11) 


Also P 
z ut 
= ale szyl~1 clap 


and 1 - 
16m. f* 3xyl-ldz, 
rg J, y 


Substituting these values of 87} and t~? in. (4.1) changing the order of integration 
and evaluating the integral with respect to s and t by the help of (4.11), we get 


p7 kiq- loci J y- on 
Try a (zy) -*9(e, y)dzdy. 

The ehange of order of integration may be justified by de la Vallée Poussin's 
Theorem. [Bromwich, 1.47, p. 504] 


Example. et f(s, t) = ghi 


Put (DP, q) = 


Then from example (a) 


D(z +3/2—n—l-k4+m)Uy(u, +8/2—n—-1—k, my) p7&-kivHg- i-is (4.19 
et? d) = — n ^ B/don T- —9k)T (a, 4 8]9—n-—1- 2k.) q (4.12) 


Rlu+8/2-n-l—k+m) >0, R(u, -8/2—n—1—k, +m,) 0 and Rip, q) >0 
and 


Ja, j _ f [mmm mme mi emm m(ps) Wy +4, m,(q?)dadt 
o 


Using example (f) we get 


= 7 : -k-n-c8/2tm  — 
— pawath-1Lx(—nt+p—-k+m+3/2) [^ f | 
y(z, y) = pra “T(=n+p—2k +3/2) afi pon~2k+3/2 | p 


Ty(—n+p,—-h, tm, +8/2 rl —k ;70n 8/2 tm,, i]. 
1 


-n~a +h, -1 f; 
d ala "PURA IE uL p-n-2k49/2 3 
Hence by Theorem IV we have 
pn-a-igs-5e-1T',(—n-cg—k 8/2 m)T4(7n- i, 1 +m, 48/2) 
iro? T(—n+p—2k +8/2)1(—n+ n, — Sk, + 8/2) 


20 Rh. n =k Á 8/2--m —- , 
sphincter] 
x | fe m| n-n-2k48/2 ' pP L m-n-2k,+8/2 ''q J” 


dedy = palp, q); ` 
4—1985P—2 
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where 9st P, d) is given by (4.12) and 
Rp +3/2-n—-l-k+m) > 0, Rly, +8/2-n—-lim) >0, R21 and R(p. q) > 0 


In the end I wish to record my thanks to Dr. S K. Bose of the Lucknow University 
for suggesting the problem and his help in the preparation of this paper. 
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ON TWO THEOREMS OF OPERATIONAL CALCULUS 
By 
B. R. Buonstz, Jabalpur, M, P. 
(Commnnicated by Dr N. G. Shabde--Received February 14, 1956). 


1. The object of this paper is to obtain two theorems of operational ealeulus. The 
theorems are illustrated by examples which involve generalised K-function of Bateman, 
Sonine’s polynomial and MacRobert’s E-function. The theorems are believed to be new, 


23. If o(p) 3: ah (a) 
h(p) 3- f(z) 
-and p*-^Mf(p +g(2), 
then (Bose 1952, p. 128) 
T(v+2) Ta) f? 
ot) = ED foam arn iacrnlpiglelds ea 
0 


provided R(p)>0, R(v42)— 0, RA) >0, À not an integer, the Laplace transform 
of | g(s) | exists and the integral in (2 1) is absolutely convergent. 


Now we state the following theorem 





Theorem I. lj yip) = e(z) 
o(p) zz avh(a) 
h(h) g(x) 
and Pp) gla), 
Tiv + 2)D(A)E(A — v) T 2 p 2] ‘ tg 
1 = »—À . PE 1 
then yp) = p TA «3j : s, req i175 [pes (2.2) 
províded the conditions in (2,1) are satisfied, R(A—v)20, and the integral in (2.2) is 
absolutely convergent. _ s 
Proof, In ! 
D 
YO) = pf e-olads, R@)>0 (2.9) 
o * 


Substitute the value of 9(z), as obtained from (2.1), which gives 


D 4 oo E 
yp) = rf 67 P [5d giszgk o -A- DW _ io an, ios nísa)gto)ds az 
\ 0 ipe GPS ‘ f 
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On changing the order of integration 
4) = POHTO) f aeng) f. oomen aos a-a e2)de |de A) 
0 0 


Now on evaluating the second integral with the help of Goldstein’s integral (1952) 


Ll-m+4)(l+ m+ 4) n e . -e 
Pul—k +1) ts l-k41 Í 





[eram n(z)dz = 

0 

R(l-m 3) 220, Ra?+1)>0 j (2.5) 
we immediately obtain our theorem. 


As regards the change in the order of integration we observe that, z integral is 
absolutely convergent if R(A—v)>0. The s-integral is absolutely convergent because 
- integral in (2.1) 18 absolutely convergent. The repeated integral exists because of the 
absolute convergence of the integral in (2 2). Hence the change in the order of integra- 
tion is justified because of de la Vallee Poussin’s theorem. 


8. Hzample 1. We bave 


(1 4z)-471 


met Ppeti = 2-A 
racy 7°? f(p)p 


g(x) = 





Rip) >0, R(A-s«)0. 


Also f(z) = e-*2*-1 +I (a) E = h(p) 


We have also the operational representation [Bose N, N., 1950] 


` 


h(z)zB-? = D(y)zf-1(1 2), Ela 8::p) = o(p) 


K(p)>0, Ri) >0. (8.1) 
Hence from (2.1) we obtain 
E(v, B':p) EM piri) [ eter l8-3-D(1 4 8) 7-11 i645), a-p lp) de (8.2) 


A 


B(u—8)20, R(p20, RA-c)>0, Ria) >O R(8)20 and RG-A+1)>0, and 
A is not an integer. 


And further since (Ramkumar, 1952) 


ph) = a-FAt1 Ra, pile pee 





pE? Fila, 0:42; 1—p] = yp) 


whero R(i—8492)20, O«p«a. 
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hence from (2.2) 


I'(u) TOT prm 3 SEHR rer (A-B+2) . Gu 
Tx 32) err Hale, piata = Pl = pin a cs) 








o 
f g-A-9(] 4 g-et [a -g+2, 2; A+2;1- P Jas (8.8) 
0 
where 0«p«2, R(A-a)>0, R(a)>0, H(g0, R(a-8)20, RiB-A+1)>0 
and A is not an integer, 


Incidentally we state here a property of MacRobert’s E-function which is easily 
obtained by applying a theorem due to Bose (1958). 


If e, (p) x: x"f(a) 
and s(p) & e,() 
then R e(p ^ q) = Si yf o, (p), 
pt q rm0 


provided f(x) is continuous for z 2» 0, and R(gu,) 22 0 where f(x) = O(a) for small x, 
and e-(P*9)*f(z) tenda towards zero as < tends towarda infinity. 


If we write (8.1) as 


E 


ecp) = EG, ral:zp)zI(a)ztl-a)-5 = a"f(a) 


Then we immediately obtain 


Paya li:pt Sc» 
aaa p +4) e rk 








LPs rep) — (8.5) 


Example 2. This is an illustration of Bose's result (2.1) j. 
We bave (Chakravarty N. K., 1952, p. 60) 


yal 
glx) = ec ** Hy, e) (IP s = p^M(p) 


We also obtain with the help of the integral (Whittaker und Watson, 1952, p. 840) 


4 en atgh ise x i W-dn 
does E "ea 
Wa, at) =z a ( z g 


Rik-4}—m) <0. 
the operational representation 


T(n+aA-l—- 


-l 
ajej 9*7 I z(—1)p--1 
pr- - 8[2 


[rape * D eW, ngaat) = hlp), 


f(z) = (-1) 


Rip) > 0, H(ntA—i-)zo. . 
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And with the help of (2.5) we obtain 
g*h(z) 2 (—1)7!-1T(n +A —1—1)zvt! 92618 Wy gga, p-f) 8 (71) 7 nA l1) 





y E(v- PA 2)T(v 21 -83/2-4). p pes 
2.1 


;1-p] = 
Tw+l—ia+n43) vtbleqiAa nd P| = (p) 


R(p 20, Riv—A/24+2)>0 and R(v*21—3A 4) >0. 


Hence from (2.1) we have 








T'(n --A-0— 1)T(v — 43A + 2)L(v 4 21—8A/2 44) ^. Moe v*201-8A/244. 1-»] 
I(v-l—iAcn-8) vtl—3A* 548 i 


Tv +2)T(a i > 
=DE -nt f eimie tW. asus gavel HES Galde (8.6) 


0 


R(p)>0, Rv+2l-A+4)>0, 02-1, R(v43)2 0, RA)>O and A is not an 
integer. 


4, Theorem II. 7f yip) x f(x) 
m 
f(p) = h(z) 
p- h( /p) s g(z) 
and F(p) s zi-»-!g(z), 
_ IQv42) eo 2,242v —— p, 1 
then ve) Teip” A ar 145/23 Ele sop( + )at (4.1) 


provided that R(p) > 0, R(2+2vy)>0, R@)>-1, R(ur2v)-1, R(2-e)>1, 


where BF 1) = O(t*) for small t and g-ciW( 1) = O(t^) for large t. 


Proof. If {(p)  h(z) 


p~*h(1/p) s g(z) 
and F(p) $zi-*-!g(z) 
then (Harishanker, 1048) 


f(p) — pt f ocmi-nw, X(u)F(p[u)du (4.2) 
0 


provided that R(p)>0, the Laplace transforme of | g(t)| and | t&-'—"g(t)| exist, and 
the integral in (4.2) is absolutely convergent. 
In (4,2) if we put u = pt we obtain 


1 
; fp) =p | e-A'(pty -3W, (pt)'!--:r| -. dt (4.8) 
J ( t ) 
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We have also due to C. B. Rathie (1952, p. 248) the following theorem :— 


if f(p) h(x) 
ond | php) = p | eciretpz] Wi, w(pa)g(a)de 
0 
— IQ0rG-42m) , (^; ; Skai: P ti 44 
then J a? P 1+2m, Lem k+l; Py y (4.4) 


provided that R20, R(l+2m)>0, R(p2»0, Rly) >-1, R(uc-92m)2-1, 
Ril-v)>1, when g(t) = O(t^) forsmall t and g(t) = O(t") for large t. 


Now considering (4.8) with 
y(p) = f(x) 


and with the help of Rathie’s theorem, wheré we take 1=2, k=l and m=v, wo 
immediately obtain the result (4.1). 


b. Example 1. Let 





Rip) > 0, R(2v41) 90, 


"m He- | D(8/24»-1) 1 
h doy! nei! x _ = Fl 
nee 27796) = arri TG» pem P 


R(pz»0, R(v-ic-8) 0. 
And therefore from (4.1) we geb 


a P| rS Pat 2.6í-Hpl (5.1) 
0 


v-leg' t (2v 1) p 
R(p20, RQv+1)>0 and R(v-1 8) 7 0, 


Example 2. Let f . 


i 2i 1 
= -łe g” z(—l1n-i-1i p" = p72] ( = ) 
g(a) = e-# Ky (82) = (—1) Grp Cf 


then 


h(a)=(—1yp- + s-1-, WD B= 2v +2) y 


EYES z(—1) pit-x-5j (v—4m, - 88 -1) (L5 -2/-n(D) = f(D)" 


R(p20, Ril-v+1)>0, 
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Tiü-s-2) 


and f(r) = (—1) Wy npe-aya- 1), 4-a- 


yl’ Qv +n —l + LL (al 2y + 2) neue 2| —2v +2 ] 
Ee a ea ao ikv orta p i-p|- 
Pin +ib) E n+l+8 p|- vu) 


Ríp) 2-0, R(2v*n—lt1)7 0. 
Hence due to Shastri's result (1044, theorem LII) 


: 2piU-2-2) so = 
edP (ye 912-1), yan Se DEP) = UC EIE f te #22 pDK? (idt 65.2) 
m 0 


where Rip) >0, Ril-v+1)>0, Riv) «4 and 025-1. 
lf we take $—v—1 = 0 then because of (4 1) we get 





I'(2y +n —1+ 1) I(20L—2v + 2) F ni. 20 —2v -2; T 
3^ 1 


Din 148) n+1+8 
zd um ? m dt = (6.8) 
a xir; t larem (6.8) 


R(p) 2-0, R(l-vc-1) >0, R(9v-^n—-141) >0, 12-1, Rl tv) 220, n-l+1> 06 
And because of (4.2) we get 


ei DOL- 2v +2) 


pinay TT (,-4n—a0/2-3), $n — 2041) (DP) 


nat | esu t+») W ) qe ede 
= p ; 8 u i-r, (u (u + pt 
R(p 20, R(l-2v41) 2-0, l>~1. (5.4) 


t Example 8. Consider 


s : . (-1)" pre 1 ( 1 ) 
= tym x ut kee = 
q(x) eic T (2) p n T +p)yntet p? p 





R(p20, Rm+n)>-1, : 


where T? (x) is Sonine’s polynomial which is a generalisation of the parabolic cylinder 


function. 
Hence, 
; _ -3 ND 
h(z) = Fh *#:(—1)* Perl pio-0 Dei? TV —. s s itm, - pe (P) = FCP) 


R(p20, R(m-2v»-1)z0. 
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Also 


fiz) =(-1)" aa) git dete W yen 942m41), ~4(n-+3,)(@) 


(yl (m -2v-- IT Qv4+n+2) y |t is ]- 
Sede n LI'(n 4 m 8) "Cb ntm+B8 7 Py = V) 


R(p)>0, RQvtn+2) >0. 
Hence from (4.1), when 4}-v—1 = 0 


T(m -2v 4 1)T (2v 4 n 4-2) [or reg] X 
UU -.'*7T1. 5, .—. 0o —— 3^1 F 


1 p in 
—QP [2;- ? dem A 
n! In m8) ntmt+8 , Hr i (Lr paren dt 5) 


H(p20, E(v-1)20, R(m—-2v+1)>0, R(m+n)>-1. z 
: And from (4.2) we obtain - 


Duos) pirti W yint), —4(@rtn)(P) 


n! 
o0 u™ 
zt pen f e-tu CHOW, Gara du (5.6) 
0 


R(p) 20, R(m+n)>-1 and R(m-2v:1) 0, 


Ezample 4, This isan illustration of Shastri’s result; (1944, III theorem) and 
Harishanker's result (4:2). 


We have the operational representation [Chakrabarti, N. K., 1958; p. 67] 
fp) = I'(l--n - 1)T(1—n - 1)p-2 ev? K7. (hp) z!-^(1--2)*^ = h(x). 


We have also 
m +a R(p2 0, Rv+l)>0.. 


v 


` Bo that on term by term interpretation, 





1 a E] givtl-n . 
—2y x=) ae pr- a em = E F.| —(n-I : 
à (=) k Fl ens pJ'.IQvri-n-c1)' ipn 


- (Qv+l—n+1); —«] = g(z) 
R(p)>0, R(2vti—-n-1) 0. 
Hence because of Shastri’s theorem 


Qprt ati potl-n 


at Ae 
ei? K^ (tp) = I(--n-1)YL—n 4 1) fa T(2v+l-n+1) * 





F,[-(n+1); 2v-1-n—-1); —t] 


x Ks,(2 / pt)dt (8.7) 
6—1985P—9 
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where R(p)>0, RQv+l—n4+1)>0, (L-n 41) 20, 1l — - 1. 


Further — g(z)zt-7! = arth F [> $l); (9v 0n 41) ; =e] 


à: eur E Md pantar 1] 
(2v -1l—n 4 1) p 


pri Se 


R(p20, R(v-n*8)2 0. 
Hence (4.2) gives 


Á " oo — 1) (v— n4 8) a 
ipg” 15) T(v-n4 8p +I —dv-n4!' $7 [ (+0), dani 2] 
eK 9) = mr Es ii- Fi) "S Lu m c 


R(p)>0, R(jv4l-n-1) R(v-nu43)20, (l-n+1)>0 and L5 —1. 


My thanks are due to Dr. N. G. Shabde for his help and guidance during the 


preparation of this paper, and to Principal 8. P. Chakravarti for the encouragement and 
facilities he gave to me, 
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ON SOME INTEGRALS INVOLVING LEGENDRE FUNC- 
TION, ASSOCIATED LEGENDRE FUNCTION . 
AND JACOBI POLYNOMIALS 
By 
B. R. Buonstp AND C. B. L. Varma, Jabalpur, M.P. 


(Communicated by Dr. N. G Shabde—Received February 28, 1955) | 
Introduction, Cooke (1924) has evaluated the integral : 
1 
f (L+ z)*P,(z) de, 
-1 


where p is a positive integer greater than the integer n. N. G. Shabde later (1945) obtained 
the value of the above integral for unrestricted values of p and n. In its evaluation he 
has made use of the following theorem: 


f(z) g(a) de =| \ F(x) G(x) de 
ae 


where f(x) and g(x) are the Hankel-Transforms of F(x) and G(z) respectively. 


This paper gives a simpler proof of the above result and further adds some generali- 
sations.of this integral. Besides, some more integrals involving associated Legendre- 
function and Jacobi Polynomials have also been evaluated, These results are believed 
to be new. 


4, From Mac-Robert (1947, p. 111) we have, 
P,(z) -$ (—n), (n+ 1). (1-2), 





T! rl] 2” 
r=0 


where n is unrestricted. 





Therefore, 
N (—n).(n4 1), 
[var ra ale d MUERE r J rave pides 
>> =n), 1) opie T(p 1)T(r 1) 
z rl r1 27 D(p+r+2) 
4 = 1: 
ee | 
tn. Tue. a, chen ox PER pt+2; 
= 2»"11D(p 1)! 





I(prun-2)]I(p-n4l)  . l NM 61.2) 


104 B. R. BHONSLE AND C. B. L. VARMA 


i3 


The term-by-term integration in the above process is justified as the series (1.1) is 
yniformly covergent in the range (-1<2<1)ly Weierstrass M-Test. 


The-same is true in case of the results that follow. 


9. Now starting with theresult (Mac- Robert 1947, p. 128) 





m I(n+m+1)(-1 i(i — ae 
P™(x) = ) ies. 
(x) CaS rep NF: F[-n, n+l; n1; 3(1 -2)] (2,1) 


where m is a positive integer and n is unrestricted, we obtain 


f "a -ati(l +a)? P? (x) dx 





- (- 1277 Tim +n +1)-I (m+1) D(ptm+)) l (2.9) 
m! '"Imn-m-Ul(pcn-2)I(p4m —n t1) 


where p»-m-i 
Putting m = 0 in (2.2) we readily see that 


2»* KT (p + 1))* 


1 
jo +2)? P,(2) dz EE OE 


Here it may be remarked that Thosar [1954] has evaluated the ids 


[ al(1 — z2)19 P^ (x) dx 
-1 
where l, 8 and m aro positive integers. But this result is not new as it is included in the 


Barne’s (1908) integral 
1 
f a7 (1 a)i» P7 (x) dz 
^ l 


B ( 1) I(à- do) + to) (L+ m+n) 
= gmUT-m-cnJ-4e-dm-389LD(eictimidn) 





Re (c) 2» —1 and m is a positive integer. 
8. Again, if we take the expansion of Pale) for unrestricted values of m and n 
(Mac-Robert, 1047, p. 814) E 


En {- 1) lee $m ah oka _ , 
P. me Iü-m) Ite) F(—n, n+1; 1-m; 4(L—-2)) (8.1) 
we obtain 


l m I'(p41)D(p-m 1) 
ff — 93)- im = (— VemQperms dN aum 8.2 
f (tapa) ^P, l) de = (7L T(p-n—m-2)Y(p—m-n +1) S) 


where p2»m-1 : 
From (8.2), by putting m = 0, we obtain the same result (1.2) 
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A. Nezt, from Szegd (1048, p. 6) we have 
] K " f 
pe? eyes C nyntatB+ (1-2) (4.1) 


n atl; 


Hence we obtain 


1 
fu- z)* (12-2)? P2? (x) dz 


-1 





n+a\ s T'(pDI( 1I(p-B41) 
-( n jen BUDE B-n1) pem 


where « > —1, B 2 —1 and p 8—1 
in which putting a = 8 = 0 we again get (1.2). 
8. The evaluation of the Integral 
f (1+2)? Pala) Pan) dz 
-1 


„in which p and n are unrestricted while s is a positive integer may be done on similar 
` lines by expressing P,,(x) in a series of powers of (1+2), thus 


Pale) = (- 1» SComelm + Det par. 


| ri 2r 
therefore 
1 1 
f (142)? Pala) Prlz) de = (cae Smet tno tm), (1 +2)?*? P(x) da 
-1 -1 


(-1)»2»*1T (p - 1)? m, m+1l, p+1, p+1; ] 
BT 1 
 I(pin492)D(p-n41) ptnt2,p—ntl,l; 





6. Let us now evaluate ihe integral 
1 
f a-a Pale) de 
1 


Starting with 
so) =S alee (—n)-(n+ D, (1—2)* 


rl rl or” 
We obtain 
T 

(=n), (2+. De opira: D(ptr th) 

—gp = 4D Tp4r4 2) 

[a x) Pale) dz 5 rl rl ar 2 T(p+r+2) 
__ gett [^ n+l, pti; 1] (6 1) 

(psit 1, p+25 
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Here p and n are unrestricted. 


When n i8 a positive integer, ,F, can be evaluated by Saalschiitz’s theorem (Erdélyi, 
1958, p. 188) and since P4(—2) = (—1)" P,(z), we obtain 


1 L 2 (pant l(Dus yn 
Jó le PHI (pc2)(—2). i 











2»*'fT'(p - 2j? 
"Torn +2) 1(p—n+1) 
as before. 
Next, proceeding in a similar way we get E = 
1 : 
QT p+ D)? D ntl, ptt; ] 
— P P dx = EHE F 1 
fa sy Pu) ee ue [7 ops: 
which i in virtue of Watson’s theorem (Erdélyi, 1058, p. 189), becomes 
pa 2»* (P(p + EIA) (p + 8) (6,2) 
I'2p-2)P(—41)E( + an) (p + $+ 41)D(p + 1-4) ' 
where Re(p)>—1 
7. Wae shall now make use of the integral in (6.2) to obtain summation of finite 
series involving associated Legendre function of the second kind. 


Thus when n is a positive integer, we have 


(L-25)" = Say P, (p) 7 (n) 


ro 


where 1 
lar = eu f (1—2*)™ P..(z) dz 
+1 


(r+ Tm + 1) (3) (n + 8) 
= POm $2)0(R-—7D 1 4+7)Dlm e 7 8)'(m ^74 1) 





Dividing (7.1) by (y —2)?**? and intograting with respect to æ between the limits 
(—1,1) we obtain (Thosar, 1954, p p. 58-54) 


= game 1)2(y? —1)- +25 0,02" (y), (y 2 1) wo) 


r=0 
Again, dividing (7.1) by (y—z)' and integrating with respect tog between the 
limits (—1, 1) we get (Thosar, 1964, p.p. 58-57) 


Ms c. y+ IF, m+1; 2m+2; 2/(y +1) 
f => (-2*72/6-1) -D-a OY), (21, 8> (78) 


r= 
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1n (7.8) i£ 8 = n t m1, then (Mac-Robert, 1947, p. 865 and Thosar, 1954; p. 53) 


Qr) = (CD D^" N Qr gy (14) 
7=0 


where m and n are positive integers and y > 1. 


8. Wenow take 


: 
f gua pr. (2) | an (£) dz 
EDU u 
where p and q are positive mtegors and p > q. 2004 
From Tbosar (1964, p. 55) 
t(n—m) 
g"7(1—23)- = n—m)l 


T=0 


(2n — 4r +1)2"-**(n — 1) lpm 
rl (3n—2r+1)! POR 





(a) (8.1) 


where m is an integer < n. 
Also from Bailey (1989) 


(mln p, 
at) IPM (0) PM g(a) D MPF IH IM =n) Tmt r+y 


rmt em he C miri Tm (p r)I(a- 7)! 


x L(p*m-rti)I'gq*m-rt3)(p-q—2r)! 2p 2g *2m - 4r 1) 


_ Diptq+m—r+8) (p+q+2m—2)! bh dcr) (8.2) 


Multiplying (8. 1) and (8. 2) ‘and putting n = p—q+m, (p >q) we obtain, on using 
the OFHBOgons. property 


ger (p-g- m) Imaqi I(ptm-—4-3)(p*2m)! 











EFT D(ptm-c-3) | 229. 68) 
putting m = 0, we find that l a 
. 2^" (p-g)pl I(g*gI(-4-3 - 
fo 1 P (x) Pyle) dz ES al E Toii) . |. (84) 


Further more, if p = q we obtain the salen known result 


iA [P,(2) | de = 


E +1 
9. We now consider the integral 
el 
| (L+a)?-9P™ (a) P™ (æ) dx 


ptm qtm 
-1 


where p, q and m are positive integers and p > q 
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Taking " 
(L2)! = Xa, P,(z) (9.1) 
. rmi) 
where 1 
! a, = T 1 f (L-- z)* P,(a) dx 
29*.8l (2r 1) j = 


= G@tr+i)! (e-r! 


Differentiating (0.1) m-times and multiplying by (1—2?)", we geb with Ferrar’s 
definition, 


Č  (1—a*)ie(L +r = x a, P7 (2) (9.2) 
=o 


Let s=p—qtm, so that from (8.2) and (9.2) we obtain 
1 
| (L+ aP tp? n (2)PM, (e) pe 


EP 2p-ti*n (p — -q*m)l(pt2m)IU(m * qt) Tim +p-—q+4) f (9.8) 
- „tq (2p — —2q 4 2m) II (p+ m +8) : 


Putting m 0, we get. 


ge-s(p- q) Ip IL (gc 3)T(p—a * 3) | (9.4) 


1 
f (14- 2]? "*Py() Pu) de = n¥q | (2p — 29) IT (p + 8) 


-1 
Further when p= 4 


[ [Pp(e) 2d = xu 


Our thanks are due to Dr, N. G. Shabde for his kind help and guidance during the 
preparation of this paper. i 
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NORMALISATION OF FREQUENCY FUNCTIONS* 
Br 
P. K. Bosz, Calcutta 


(Recawed—Apr 4, 1955)) 


Introduction. It has been found in general that most of the important sampling 
distributions depend on the sample size » in such a manner that as n tends to infinity 
distribution tends to normalily. Thus for large n we may assume tho sampling distri- 
bution to be normal to n sufficient degree cf approximation, but for small.and even for 
moderate values of n this assumption of normality does not hold good. It must be noted 
that the tendency towards normality does not depend exclusively on the values of n,. 
cases may arise in which this depends on other factors, vig. in the distribution of 
classical D?-Statistic, it tends towards normality for increasing values of p (no. of 
variates not related to n) and 8(=nA? related to n); (Bose, 1982). 


In the first part of the paper an attempt has been made to assess the amount of 
error committed in replacing any sampling distribution by the eo-called Normal Distribu- 
tion for moderate values of n and other factors and to construct a (B1, Ba) diagram cor- 
responding to some pre assigned error. If the amount of error committed is within 
permis-ible limits then the replacement is valid for all practical purposes. Some applica- 
tions have been given in the second part of this paper. A preliminary study was made 
by Bose and Rao (1948). | 

In this connection I would like to mention why these particular approach is 
important. While constructing the tables for classical D?-statistic ib became necessary 
to know the (p, 6). combinations for which we can use the Normal tables (Bose 1947), 
provid: d we ignore small errors. Present method helps us to assess this to a satisfactory 
extent, The method is general and has been applied to many well known sampling 
distributions. Fisher and Cornish (1987) made a similar study. 


PART I—METHOD 
1.1. Error in replacing any distribution function by Normak distribution function. 
Let € be the variable whose sampling diglribution we are concerned with and let m, c 
and u, be its mean, standard deviation and moment of order r respectively. Then 


z= (£—m)e 
will be corresponding standardized variable, and the mondentof order r of x will be 
H/o? Let F(x) and f(z) be the corresponding distribution and frequency functions 
of x respectively. Also let the distribution function and frequency functions for the 
Normal distribution be as follows 


ea, 
* The paper was discussed at the Tnternations! Mathematical Congress at Ams'erdam 1051 and the abetract 
was published in the “Proceedings of the Congress. 
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et) = gis J| nine; ofa) = Ole) = gracie 
We may write 
| F(a) = 8(z) + R(z) (1.1) 
and fla) = e(z) +712) (1.2) 


Then the above discussions imply that R(x) and r(z) are small for large values of 
n, so thal G(z) and pix) may be regarded as first approximations to F(z) and f(z) 
respectively. 


The next question then automatically arises whether it is possible to find some 
convenient expansion for the remainder term in order to get more accurate approximations. 

. Two different approaches are well-known aud may be mentioned m (his connection. One 
js Gram-Charlier series of Type A and the other is Edgeworth's series. By both 


methods f(x) may,be written as 


cepa od 1 10 
f(a) " e(a) — 3j? @) * i^ —8)e*(z) + aia 0 
5 28 
-t pa- 10p 9") utue) Fp esata) 05 
where x is expressed in standard measure and (a) = _1 _,-i, The asymptotic pro- 


T rji 
perties of the series has been investigated by Cramér (1928, 1937) 


Retaining terms up to order O(n!) we can write down 


(Qo fe = ote) — ie ec BEE ena + Baste) | 04 


where z is expressed in standard measure. 





= [1+ Bx H, (a) + b Ha) +B. He) Jeo) (1.5) 


where H; is the Hermite polynomial defined as (—1¥o4(z) = Hj(z)e(z) 
The error we commit in the probability integral if we replace f(z) by g(x) only is 
AN n t Z 
f teji- [smi -- [Rmo BEF manojo aa 
2x D 6 24 72 
Here, of course, we have used the series for f(z) up to terms of order O(n^!) only. 


The magnitude of error in the probabity integial will be dffferent for different values 
of x. We try find out that value of 2 for which the correspondiug absolute error in: the 
probability integral is maximum. For this we require the following conditions. 
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[B Hate) + b= ne + Paru Jala) =0 (1.7) 
[ Bt H, (a) + fa- H (e) + Ër H,(a)] (1.8) 


is positive or negative according as the above error is positive or negative 
The maximum error will then be obtained easily from (1.6) 


The absolute error at any value of z will be less than this maximum absolute error 
or in other words the absolute error in the probability integral will never be greater than 
this (maximum absolute error) for any value of z if we replace any distribution by the 
Normal disiribution. 


"For any distribution (not normal) it is thus possible by virtue of equations (1.6), (1.7) 
and (1.8) to construct a table giving the maximum absolute error in the probability integral 
for different combinations of 8,, 8, or for different values of n. 


1.2. Construction of (8,, 8,) diagram corresponding to some pre-assigned error. It 
has Leen observed in Section I that the error we commit in the probability integral if we 
replace f(z) by 9(z) only, is 


-[& Hla) + Bae Hy) +Ê H (2) |e(e) 


And the criteria to be satisfied in order that this error in absolute value is maximum 


are 
(i) zd H,(2) + Bio Hda) + Bone) -0 
m it 279 1 
(ii) fe H (x) + tan Ho) + BH, (2) 


is positive or negative according as the above error is positve or negative. 


Let the pre-assigned error be +a. Itis then required to find out the combination 
of (Bi, Ba) values such that the following conditions are satisfied. 











-| & ny baz’ num + Brno = +0 (2.1) 
&* Ba —3 1 2 
Pb Hla) Pi Hag) «E Hu) L (2.2) 


E nm T 
Br? H (x) + a H(2) +EH, (2) is positive (2.3) 
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From (2.2) we have 











8,-8 __[ Bt H(z) ,8 Hi) ; 
E x ES He) 79 Hl | e 
Hla) 1 H,(a) 
Or ha 8—45, = ri -h TO (2.5) 


Then from (2.1) and (2.4) 


[5 (29 O -H 4e 75 [emm -H «Go =a | (2.6) 


We can solve (2.6) for (8,)* treating this equation as a quadratic equation in (8,)* 
(Imaginary values are to be neglected as 8, cannot be negative). Then, = [(8,)*]* and 
Bs will be obtained from (2.5). After this we are to see whether criterion (2.9) is 
satisfied or not. -` f : : 


For pre-assigned negative error say —«, the equations (2. 1), (2.8) and (2.8) will be 
zepiaged, by (2.7), S 8) and (2. 9) respectively 


[E nes zneRmeee-- c NS 
Bit = Ba—83 Bi 1 1 
zm HG) ae H,(z) tian t is negalive (2.8) 


[Be (E79 i EOR ooa o 


Ü 


However the combination of §,,8, values will remain the same for +a and —a, 
only the sign of (8,)* will be different for the two cases. 


For a fixed value of a and for different values of x we can get a series of values 
for 8, and (g,—8). We may then plot the values of 8,~8 and 8, ona graph paper 
taking (8,—9) along the z-axis and 8, along the y-axis aud then draw the curve. 
Whenever any values of 8, and Q,—8 will fall within the curve, it will mean that the 
difference of the probability integral of the given curve and normal curve wll not exceed 
the given amount a in absolute value. 


In this paper in the series repregsentalion terms upto the O(n^!) has been retained 
If more accurate results are necessary the same method can be utilised by retaining 
higher order terms. A general discussion on this has been given by Kendail (1043). 
PART II. APPLIOATOIN, 
2.4. We have calculated the maximum error in the incomplete probability integrals 
of t, X?, (2X)* D? (classical) distributions for various values of n. In each case we have 


retained terms up to O(n^!). It is to be noted thet the results are not very accurate 
for small values of n. 
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(i t-distribution 
i-distribution is given by 


E Danc-di . dt 
~ T/2) Tn (14 &[n)&(n +1) 


with d.f. =n 


mean = 0 


i 
n 
Rd - (55) 


3(n -2) 
(n-4) 





8, = 0, Ba = 


113 


Hence if we replace t-distribution by Normal Distribution the error in the probability ` 


integral will be 





V [ me þe 


And the criteria to be satisfied in order this error in absolute value is maximum are 


H (a) 


(i) 1m- e(z) = 0 





(ü) H(z) 





is positive or negative according as the above error is positive or negative. 


Consulting Hermite polynomial values the following table has been prepared. 


Table 1, Mazimum possisle error for t-distribution 


n Maximum error n 
‘187646 60 

10 "022941. 7O 
15 *0125138 80 
20 ‘008603 . . 90 
25 "006555 - 100 
80 "005294 120 
85 *004440 140 
40 . '008824 160 
45 '0088577 180 
50 002992 200 


Maximum error 


002458 
002086 
001811 

‘v01601 
001434 
'001187 
"001012 
'0008892 
‘0007869 
“000692 


From the table it js easily observed that for values of n equal to or greater then 20, 
_ t-distribution may be replaced by the normal distribution allowing 196 error. 
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(d) ‘X3-distribution, 
'X?-distribution is given by 


L : ; 
dF = Loo e740 (X2)t@-D qx? 
Taare "0 
d.f. =n 
.mean = n 
' = (2n)t 
; : 
[ Bi = 8/n 
Ba = 8+12/n 


Hence if we replace X?-distribution by Normal Distribution the error in .he pro- 
bability integral will be 


i OR reaal 1 
| - [2m * Lass Luo] 


And the criteria to be satisfied in order that this error in absolute value 18 


maximum are . 


N 2b 1 i 
() Z Hae) + Hle) sc Har) = 0 
" 2t 1 1 
(ii) Bnt H,(z) gs P + gg) 


is positive or negative according as the above error is positive of negative, 
Consulting Hermite polynomial values the following table has been prepared. ` 


Table 2. Mazimum possible error X?-distribution. 


n ] Maximum error n Maximum error 
5 "084447 80 024280 

10 "059592 €0 “021081 

15 "048625 100 “018810 

20 À "042095 150 “016857 

95 ; *087648 200  - *018299 

80 ; -034259 : 300 *010859 

40 ' ‘029751 - . 600 “008411 

50 “026607 e° 1000 "005947 


From, the table it is easily observed that for values of n equal to or greater than 200 
X3_distribution may be replaced by the normal distribution allowing 1% error. 


(ii) (2X2)* distribution. 
The E is given by 


: e-t 3 n= 2X 
s | dF = in LEE ((2X**)2((2X1)4)»-1d(2X") 
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d.f. =n 

mean = (2n—1)* 

s.d = (I—-1,)* j using approximations upto 
8, = 1/2n, 8, = 8. O(n-1) 


Hence if we replace (2x2) -distribution by Normal distribution the error in the 
probability integral will be 


1 1 
Š E Haz) +i Hla) | eto) 


And the criteria to be salisfied in oos that this error in absolute value is 


maximum are 


(i) H, (a) + _H,(a) = 0 


1 
6(2n)i 144n 
» 1 1 
(it) G(2n)i H(z) us idan) 


is positive or negative according as the above error is positive or negative. 





Consulting Hermite polynomial values the following table has been prepared. 


Table 3, Maximum possible error for (2X*)* distribution, 


n Maximum error n Maximum error 
5 i ‘021556 ^ ' 60 ‘006088 

10 "015058 80 "005265 

15 *012248 100 ‘004708 

20 *010580 150 "008842 

25 *009452 200 "008827 

80 *008621 800 002716 

40 *007458 500 ' 002108 

50 *006686 1000 *001487 


From the table it is easily observed that for values of » equal to or greater then 25 
(2X? 4-distribution may be replaced by - the normal distribution allowing 1% error. It ig 
also verified that (2X*)*-approaches normal distribution more rapidly than X*-distribution. 
This table als» verifies Fisher's remark that for values of n larger than 80 the 
expression (2X? —(2n—1)t* may be used as a normal deviate with unit variance. 
Fisher (1948). 


(rv) Classical D?-distribution. te 
‘The D?-distribution is given by 


4P = "p ( nD'42 J^ actes oy] E qfar (D+ 2 o ao» 
n 





nA? 
np / aD so e un PERDER P di c2 2 
sal a I eal yE 2)]] ao 


n 


whese 8 = nA? 
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with Mean = A? 
8 N 
aes (=) (841) 








pn? 
2 (88+2)? _ p 12 (28+1) 
p= p (8--1) pee Bre (84-1)? 


Hence if we replace D?-distribution by Normal distribution the error in the 
probability integral will be 





zs 1 8842 ore "] (B8+2)3 
Eo: an a) tgo c eO us eriy "ere 


And the criteria to be satisfied in order that this error in absolute value is maximum 


1 88-2 


1 9841 , 1 (8542) " 
8G G- 18 H(z) + H,(z) = 0 


2p (831? *' ^ 86p (+1) 


H,(2) + 





(i) 


1 8842 1 92841 TORRE E 1 (88--2)* 
8(2p)* (è 4-1)8? 2p(8-1) ° 86p (8-1) 


is positive or negative according as the above error is positive or negative. 


OE A(z) + 5— H, (a) 


Consulting Hermite polynomial values the following table has been prepared. 


Table 4. Mazimum possible error for D?-distribution. 











ò = 200 . 800 400 600 800 1000 2000 8600 
p= . 3 ` 
1- 7010882  :010252 ‘014081 011504 ‘008965 ‘008915  :000805 005149 
2 '014058 ` 011488 :'0090955 '005183 007046 :006808 004458  '008641 
8 '011472 '009379 008128  :000040 :7005752 '0N5146  :008640 -002978 
4 *009984 *008122 007089 ‘005751 '004932 :004457  :008152 002574, 
b *008885 007264 ‘006295  :005143 ‘004463 7008986  :002820  :002803 
6 "008111 70086681 005747  :004695 “004067 0038689  :002574  '002102 








i : 2 
If we put A= (== npa y- (By 


. (in accordance with the notation in tables of D?-distribution Bose (1047, 1950)) it is easily 
observed from the above table that for values of A equal to or greater than 20 D'-distribu- 
tion may be replaced by the normal dj&tribution allowing 1% error. 


2.2. For a numerical example in connection with (B,,8,) diagram we have 
considered « = 4'01 ‘The'values of x, B,*, 8, and {8,—3) are given be'ow. We have 
considered the values of z from —' to+ 7 so that the error is maximum ab some point 
in the middle half of the normal curve. We might consider the values of æ beyond this 
region and could get corresponding values bui that would mean that the maximum error 
would correspond to a point in the tallends—that case is of no interest to us for in that 
case the replacement cf the given curve by a normal one will be meaningless. 
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Table 5. Values of B, and (8,—8) for a = 4 0l. 





a = +'01 a = —'0l a = 4'01 











T 8,* x Bit By 8,—8 

0 "150898 0 —' 1508398 ‘022618 ‘037625 

i "148116 —i —'148116 '021988 "098446 

p "141296 P —'141296 ‘019965 158025 

3 129448 —8 —:129448 '016755 "208195 

4 111850 —'4 —' 111850 '012510 -262566 

'5 '087059 —-b —'087059 '007684 '810217 

'8 '056257 —'6 —- 056257 '008185 '868879 

“7 ‘017876 —7 —'017876 "000820 “417868 
—'i '148116 1 —'148116 "021938 —'024058 
—'3 "141042 2 —'141042 “019898 — ‘089187 
—'3 1287929 '8 —' 128722 016569 — ‘157849 
—'4 110628 ‘4 — 110628 '012287 -——22'7200 
—'B '086204 'à —'086284 '007441 —'206288 
—'6 *055898 '6 —'055828 "008061 —'860815 
— '017739 7 —'017789 000815 — 416075 








The releavant graph for the above case is shown below. 


2.8. Auxiliary Table of the values of the Hermite-polynomials. Hermite poly- 
nomials are defined as 





H,(z)e(z) = (—1)/9(z) = (-2 Jro where 9(z) = > ete" 


The following general expression for Hj(z) can be easily obtained - 


ju je 


j2 
H,(z) = 2-1 gi-24+ 





21 ar” gap" 
Whence H,=1 
H, =g 
A, = 27-1 
H, = x°-82 
H, = z*—62z*48 


H, = 25-102? +152 - 
H, = z" — 1525 - 450? 15 
H, = 2" —2125-- 1052? — 1052 
` The very important recurrence relation that is also satisfied 
H,(z) = cH, (2) —(r—1)H,_, (2) 


Fer our study we had to calculate the values of the 1st 8 Hermite polynomials for 
some different values cf x. The values are given in the tables 6 and 7 which are correct 
to sıx decimal places. - 5 P IA 
/— 9—19036P—9 
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5 =A 3 -2 7 O 7 2 3 4 "5 


-————— hBr 3 





Table 6. Values of Hermite Polynomials for negative values of x. 








z H, H, H, H, H, H, H, H, 
— d. 3 —2 —5 18 —ii —86 
ida i—i > 0 2 = A 16 20 
—9 1 —8  —19 197 —1'2039  —4680049 12.189041 29.876098 
—8 1 —8  —26 1888  —04304 20708 7918144 36911565 
2g 1 —'7 — bo OY 0'3001  —T28807 8 566149 40932116 
—68 1 —6 —64 1°584 09606  —691770 — 0897844 41924966 
—5 1 —5  —'75 187 1:5625 —6'28125 — 4'871875 40028488 
—4 1 —4  —'8i 1180 2:0056 —5°87024 — 8 179004 35498402 
ador 1 —8  —9l 873 24681  —4'28248 .—11'O70771 28715811 
= a e — 96 592 277610 —2 92082 — 18223986 ^ 20108707 
ath toe. —9 —— "i309 2:0401  —1:49001 —14'551499  — 10:805210 
—'00 1 — 09 —9919 260271, 2951466 —1 842716 —14°636484 9878579 
—(8 1 -—08 9936  :980488- 2961641 —1:194883 —14 719014 8846809 
— 0i 1 —07  — 9951 209057 2970624 —1:046572 —14:770800 0814020 
—'06 1 — 06  —-'9904 170784 2978418 — 897841 — 14838194 6.277836 
—'(5 1 —05 —9975 149875 2985000 — -748750 —14'887504 5286882 
—04 1 —04 —'9984  '110086 29090408 — ‘599860 —14:9028038 3596101 
— 08 1 -—08  —99901  :080973  2:994601 — '449730 —14°959512  83:147106 
—02 1 —02 9996  -050992 2997600 — -299920 —14 982002  2:090160 
—'0l 1 -——O01 9999  :029999 2999400 — -149990 —14'095500 2909100 

ü- 1 — ET 0 8 0 —15 0 
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Values of Hermite Polynomials for positive values of z. 











Table 7. 

z H, H, H, H, H, H, H, H, 

0 1 0 =| 0 8 0 —15 0 

01 1 ‘Ol —9999 — :029999 2:090400 149990 —14'995500 — 2°999100 
02 1  '02 —-'0990 — :059992 2°097600  :299020 -—14'982002 — 2':099160 
08 1  '08 —'9991 — ‘039978 2°994601 ‘449730 —14°959512 — 8147165 
04 1 '04 —'9984 — *119986 2°990403 ‘509860 — 14:998088 — 85961061 
‘05 1  '05 —'9975 — '149875 2°985006 ‘748750 —14'887504 — 5930889 
06 1 %8 —'9964 — ‘179784 2°978413 ‘897841 —14'888194 — 6:277336 
07 1 07 —'9951 — :209657 2.970624 1'046572 —14'779860 — 7814020 
08 1 O8 ——9086 — :289488 2°961641  1:104889 14 719614 —- 8846209 
09 1 ‘09 —'9919 — 260271 2951486  1'842716 —14°636484 — 9:373579 
1 1 ʻi —99 — :2909 29401 1°4900L —14'551499 —10'895210 
à 1 2 —96  — 502 2°7616 2°92082  —13°228086 —20'166707 
DE 1 3 —'91 — ‘878  2468Bl 423248  —11'070771 —28°715811 
4 l g — 84 .— 180 20656 5'87004  — 8179904 — 35403402 
BÓ 1 c5 —75 —1875 15025 0:28195 — 4671875 —40:028498 ` 
6 1 6 —' 04  —1'584 "9696 691776 — 607844 —41:024906 
7 1 7 —61 —1°757 *8001 7:28807 8 566149 —40'982116 
8 1 ^8 — 88  --1:888 — :4304 120768 7018144 —36°911565 
yo 1 9 —19 —L97L —1°2089 680049 12.139941 —29°876998 
1 11 0 —2 ^^ ue 6 16 —20 

9 1 2 8 2 —5 —18 cir 86 








Llc 
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ON THE LATTICE. OF SUBGROUPS OF FINITE GROUPS 


By 


SHYAMA PRASAD BANpyopapHyay, Calcutta 


_ (Recerved—May 16, 1965) 


1. Our object is to determine the lattices of subgroups of certain groups The 
meet of two subgroups is a subgroup and consequently if one takes this meet of two 
subgroups as the lattice product, the subgroups of a given group form a semilatlice. If in 
this semilattice, one takes the so called free product, that is, the smallest subgroup 
containing the join of the two subgroups, as the lattice sum, then the above semilattice 
becomes a lattice, An easy example is given by the subgroups of the four group G which 
is generated by two elements a, b with the relations a? =b? = I. ab=ba, Here the’ 
subgroups are I, A, B, C where A, B and C are generated by a, b, and c = ab respectively. 
The lattice of these subgroups is the well known birectangulur lattice which has the Hasse 
diagram formed by two rectangles having three common vertices inclusive of G and I. 
Conversely, if a group of order 4 has this lattice as the lattice of its subgroups, then the 
subgroups A, B, C are groups of order 2 and hence it will be a four group. Indeed, if 
A, B, C are generated by a, b,c respectively, then c — ab — ba; for otherwise the 
number of elements of G will be more than four. 


In a similar manner, the lattices of subgroups of octie group, the dihedral group 
of order 2" and the generahsed quaternicn group of order 2" bave been determined, 
Further, it has been shown that the subgroups of a cyclic group C, of finite order n form a 
lattice which is isomorphic to the lattice of the factors of n and conversely, if the lattice of 
subgroups of any finite group be isomorphic to the lattice of the factors of the order of the 
group, then that group is cyclic. This generalises the result proved by R. Baer that L(G) 
is a chain if and only if G is a cyclic group of primo power order. Moreover, a complete 
relation between the lattice of subgroups of a group G and the lattice of Subgroups of the 
factor group G/N, corresponding to any normal subgroup N of G is established. 


9. Let C,be acyclic group of order n, say, generaced by an element a, so that 
a" =I. Then if G is any subgroup oi Ca, then G is also a cyclic group of crder k, where 
k is a factor ofn. Conversely, for each factor kof n, there exists a eyelie' subgroup 
G of Cy. Thus the subgroups of C, are in biunique gorrespondence with the factors of n. 
This correspondence can be proved to be an isomorphism between the lattice of subgroups 
of C, and the lattice of the factors of n. 


Indeed if we take m Ər when risa divisor of m, then itis seen that C,, > C, 
according as m z2 r. But with the inclusion m 2 r when r is a divisor of m, the factors 
of n form a lattice in which the lattice sum is tho 1 c. m [a, b] and the lattice product 
is the h. c. f (a, b), the factors being determ.ned except for unitics. Tho correspondence 
Cg «7m is therefore an isomorphism between the two lattices. . 
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Conversely, let us suppose that L(C,)=L(n), where L(C,) 18 the lattices of sub- 
groups of any finite group C, of order n and L(n) is the lattice of the factors-of n and 
n —p,^-p,...pu'*. We shall prove that C,, is cyclic. 


As L(n) is distributive, L(C,) is also so. 

As L(C,) is distributive, C, is a generalised cyclic group. [O. Ore. (1988)] 
i.e., if a, b € Cy, then a =c™, b = c", where c € C,. 

Hence, ab = om.c" = ctn =o'm = c™.o™ = ba. 

Therefore C, is Abelian. 


Hence by the basis theorem 
C, ean Oak XC m 


` where C n are sciig groups of prime power sath q^. 
va C, is à subgroup of Cm 168 order q* is a factor of n. As n has ‘unique 
di 


factorisation, we have q* = py, say. 


A €, = C, (Or oe XC e 
a 

where p,'s are distinct primes. 

Let c,, Cy, ..., Cm be the generators of Cy, Cay =s Cs. respectively. 

i D, P: m 

That is, (o)? =I, 1 = 1, 2, ..., m. 
J (IIo mo" = (epte = nhor" ye" (j not equal to 1) Sj 

Hence b = c,c,...c& Will generate a cyclic group whose order will be the 1. c. m. of 
the orders of Cp, ie .., Cp; thatis, equal ton, as prs ‘are distinct primes. 


n Pa po » 
As L:O,)ÉwL(m, i.e., as n«-—0,; Cn is identical with this cyclic group fb}. 
Thus L(C4)exL(n) if and only if C, is cyclic. 


As an applieation, one can consider the lattice of subfields ofa Galois field GFy- 
The non-zero elements of this Galois field form a cyclic group of order p^—1. Subgroups 
of this cyclic group form a lattice isomorphic to the lattice of the facte rs of p^— 


To each divisor m of n, there ekists exactly one subfield GFPy- of GF pr. 


Again if p*—1 isa factor of p*—1, then the cyclic group of order p^—1. isa 
subgroup of the cyclic group of order p*—1. Lebus now include the zero element in 
both the cyclic groups. Then the two cyclic groups will have p™ and p" elements 
respectively. But as p and p" determine respectively GF;- and GF,. uniquely, we 
have GF,-CGF,., i.e. m isa factor ofn. And as every cyclic subgroup of the cyclic 
group is uniquely determined by its order it follows that io each cyclic BÜDBFODP Corn 
o Cy.) there is a subfield GF,- of the Galois field GF,.. 
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Conversely, ifm isa fastor of n, then GF,«cGI',., The non-zero clemonts of 
GFy- and GFy- will form respectively the cyclic groups of order p*—1 and p*—1 and 


Cg € Cr). Thus p —1 is a factor of p^—1 and to each sub-field of the Galois field, 
there is a cyclic subgroup. 


Hence from all these we have:  . 
lattice of sub-fields of a Galois field GFy.—lattice of subgroups of the cyclic group of order 
p™—1 


£x lattice of the factors of p^—1 
f: lattice of the factors of n 


8. The octic group is generated by two elements a, b with the relations 
at= b? = I, ba — a&b 


The subgroups of this group are given by the followings :— 
Gi : I, a, a, à; a^ — I 
gl : IL, œ, b, ab 


Gi : I, œ, ab, ab 


G: Typa 
God s 
Gi sl, ab 
Gi : I, a?b 
Gi : I, a'b 


' The subgroup lattice is given by the following Hasse diagram : 


& 
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Ceuversely, we shall prove that i$ G be a group of ordor 8 and the lattice of the 
subgroups of G be represented by tho above Hasse diagram, then G is an ectic group, 


As G 18 of order 8, its proper subgroups will be of order 4, 2, 1, Hence the order 
Gi, t=1,...,5, 1s 2 and that of G2, j 2 1, 2,8 18 4. 

Now L(Gl)isa cham, therefore G} is a cyelie group of order 4, i.e, at=] 
[R. Baer, (1989)]. 7 

Therefore, G}° (a°)? = I. * 

Moreover, G2, G42Gj, hence I, a* € Gi. Gi. Also a, a? not € G2, G3 as Glis 
the only subgroup common to Gi, G? and Gi. The elements of G are I, a, af, a’, b, 
ab, a*b, à?b ; where at = I. 

Leb us suppose that b isan element of G{ The elements of G? are then I, a’, 
b, a*b. The elements cf GÌ nre therefore, I, a?, ab, a?b. Now, as Gi and G} are of 
order 4 and L(G;) and L'/Gj) are birectangular lattices, GÊ and G1 are four groups. 
Therefore, in G? we have b? = I and m G} we have (ab)! =I i.e., ba — ab, Hence 


G is generated by two elements a, b with the relations af = b? = I, ba = a?b. There- 
fore, G18 an octic group. 


Thus, a group G of order 8 is an octic group if and only if L(G) 18 represented by 
the Hasse diagram given beforehand, 


%. The dihedral group D,- of order 2" 1& generated by two elements d, b with the 
relations 
a" = I, b? =], bab = at; nlB8 


it has the following three subgroups of order 2*7! : 
(i) af I ` 


(ii) (a*)7 =I, b =], bath? = (a3)71 


(i) (a) = I, (ab)? = I; (ab)a*(ab)-* = (a°) "s 


of which the first is cyclic and the other two are again dihedral groups having the cyclic 
group (a)? = I of order 2"~* in common between them. Now (ii) and (ii) being again 
dihedral groups, each of them will have three subgroups of order 2*7? of which one will 
be the cyclic group (a’)?*" = I and the other two will be again dihedral groups and all 
these five groups cf order 2*7? will have. the cyclic subgroup (at)? = I of order 2"7* in 
common ‘Therefore, there will be nine, Subgroups—one cyclic and eight dihedral — of 
order 2*7? , and so on. 
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Proceeding in this way, we have ultimately 2"''--1 subgroups of order 2 each of 
which will cover I, thatis, there is no subgroup lying between them and J, Thus 
L(D,-) is obtained. 

Conversely, if L(D,+) of a group Da» of order 2" 18 given by the above structure, 
we shall prove that Da» is a dihedral group. To prove this we shall apply mathematical 
induction. 

The theorem has been proved to be true for n = 8, in the case of an octic group. 

Let us now suppose thnt the theorem is true for n = m. That is, if L(D,-) has the 
structure given above, then D,» is a dihedral group. E 


Let now L(D,=+) be given by the above structure. D,-+ has three subgroups 
G^. i — 1,9,8; of order 2" of which one subgroup, say Gin, is such that L(Gj-) 
is a chain. Hence Gl- is a cyclic group of order 2”, that is, a" =I, 


The only subgroup common to Gj«, Gin, Ga» 18 evidently the cyclic subgroup 


(a*)?""* = I of order 27-', 
Hence fac G2-, Gj-. 
Hence D,-» is generated by two elements a, b with a" — I. Letb € Gi. Then 


G2. is generated by two elements a’, b with (a?)?""' = I and hence Gj- is generated by 


a?, ab with (a9) = I, 


Now L(G?-) and L(Gi-) are represented by the structure given beforehand. 
3 2 P 


Hence by the induction hypothesis, they are dihedral groups. 


Therefore, in Gj-, we have b?=1 and in G2-, we have (ab)? = I, that is, 


bab^! = am. 

Thus D,-« is generated by two elements a, b with the relations a" = I, b = I, 
bab"! = a7. Hence D,-« is a dihedral group of order 2**. 

Thus if the theorem is true for n = m, it 1s also true for n= m+1. Hence by 
mathematical induction, the theorem is true always. 

Thus, a group D,» of order 2” is dihedral if and only if L(D,-) 18 represented by the 
structure given beforehand. xx 

B. Generalised quaternion group G,» of order 2” is generated by two elements a, b 
with the relalions a?" = I, b? =a? ^", bab“! = at; nz8 

The subgroups of order 2"-* of this generalised quaternion group are the followings : 


() av =I 
(i) (a2)? = I, b? = (a), babi = (a^) 
(i) (a2)? = I, (ab)? = (a7), (ab)a%\ab)~ = (a) 2 
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of which the first is cyclic and the other two aro again gencralised quaternion having the 
cyclic group (a°) = I of order 2°"? in common between them. Now (ii) and (iit) 
being again generalised quaternion groups, each of them wi'l have three subgroups of order 
27-7 of which one will be the cyclic group (a°)? = I and the other two will be again 
generalised quaternion groups and all these five groups of order 2"-* will have the cyclic 
subgroup (a*t)? = I of order 2"^' in common. Therefore, there will be nine subgroups 
—one cyclic and eight generalised quaternion—of order 277; and so on. And gewe 
know that a generalised quaternion group will contain only one subgroup of order 2, all 
the 2"-*--1 subgroups of order 2? will cover only one subgroup (a^) — I of order 2 
which will again cover], The quaternion groups are groups of order 2°, There are 
2"-* +1 subgroups of order 2° of which one is cyclic and 2*7? subgroups are quaternion, 
The elements a?'^, atb; i= 0, 1, 2, ..., 2^7 —1; with the relations 

lar I, (a*b)? = la), 

(a*b)a*'" (afb)7* = (a7)? 
will generate the 2"7? quaternion groups 


Conversely, if L(G.) 18 given by the above structure, G, has only one subgroup of 
order 2 and hence G,» is either a cyclic group or a gencralised quaternion group, Bul it 
can not be cyclic, forin that case L(G,.j will bea chain. Hence G, isa generalised 
quaternion group. 

Hence, a group G. of order 2” is generalised quaternion f and only if L(G,.) has 
the structure given above. 


The Hasse diagram of a quaternion group of order 2‘ is the following: 
6i 
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6. Let G be a group and N any subgroup of G. .Then all subgroups G, of G which 
includes N wil form a lattice, For, if N&G; G&G; then N&G;+G,4G4 and 
N&Gif)G,cG, i i i 


Now let N be a normal subgroup of G. Then G/N is a factor group. 


If G, be the subgroups of G such that Nez G, eG, then N is also a normal subgroup 
of G,, 


Thus the factorgroups G,/N exist and G,/N&G/N. 


. On the other hand, if B be a subgroup of the factorgroup G/N, then B = @'/N, 
where G” is the join of those cosets of N in G which form the subgroup B. 


Thus the subgroups of a factorgroup ars faotorgroups. Combining the two, we 
conclude that the subgroups of G/N are G,/N where NczG,ezG, 


The subgroups of G/N will forma lattice L(G/N) with G/N asthe greatest and f 
N[N = I as the least elements 


- Again, the subgroups G, for which N&G,&G, form a lattice L(Gy), N being in 
this case a normal subgroup of G, 


Now all the subgroups G,, where N&G, S&G, correspond to all’ the subgroups G,./N 
of G/N. 


Let us now set up the correspondence G,—G,[N between the elements of L(Gy) 
and L(G/N), Let G,G,|N, G,9G,[N. If G,2G, then G,/N2G,/N; and 
conversely, 


Hence L(Gy)e=L(G/N). 


Again, the subgroups G’,, for which ICG',CN will be annihilated in the lattice 
L(@/N). 


Now, let G be a subgroup of G which neither includes N nor is included in it, 


As Gis homomorphie to G/N, the subgroup G of G wil be homomorphic to a 
subgroup A’ of G/N, 


ie., GrA’SG/N 
The nucleus of this homom:rphism is GNN zz Go, say. 
Hence by the theorem of isomorphism, we have 
A'exG[G, 


Again, as Ẹ is a subgroup and N is a normal subgroup of G, we have, by the first 
theorem of isomorphism E 


ajam FX = GIN, 
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where G” is the smallest subgroup of G containing both Ĝ and N., 
Hence all the subgroups G of G which neither include N nor are included in it 
correspond to G’/N, G^ being the least subgroup of G containing both G and N. 
Thus (i) L(Gy)eL(G/N) 
(ii) The subgroups G’, of G, for which I&G',cN, are annihilated in the 
lattice L(G/N), 
(ii) If G be a subgroup of G which neither includes N nor is included in it 
then G~G’/N where G’ is the smallest subgroup of G containing both G 
and N; 


establishing a complete relation between the lattice L(G) of the subgroups of a given 
group G and the lattice L(G/N) of the subgroups of the factorgroup G/N, corresponding 
to ary normal subgroup N cf G, 


Infine, I take the opportunity of thanking Dr. A, C, Choudhury for his guidance 
during the work, 
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SPECIAL METRIC FORMS AND THEIR GRAVITA- 
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(Communicated by Prof. V V Narltkar—Received May 80, 1965). 


Abstract. Four special cases of a metric are discussed so ns to find out the gravitational situations 
described by them. In the solutions obtained, wherever possible, the full complement of the arbitrary 
functions is stated distinguishing them from certa'n well-known cases. The general backgrounfl of the 
investigaticn is explained in the introduction and ın the last section. 


4. Introduction. In the course of a recent investigation on line-elements of 
the form 


ds? = — Adz? — Bdy?— Cdz? + Dd, (1'1) 


where A, B, C, D are functions of z, y, 2 and t, we came across some interesting 
results for a few special cases of (1'1), which we consider worth being placed on record. 


The special cases considered by us are the following 


(i) ds? = — dx? — dy? — da? + dt’, 

6 = Oa, y, 2, 0; (12) 
(it) da? = — dat —dyt de" +ydt*, 

y = ue, y, z, 1); (18) 
(iit) ds? = —o(dz? + dy? + da?) + dt?, : 

9 = oz, y, 2, 0); (14) 
(iv) da? = e( — da? — dy? — d? + dt’), 

9 = ot, y, 2, 0; (1*5) 


So far no physical significance has been found of the mathematical conditions which 
&re responsible for a line- element'in general to he transformable into the form (1'1). 
Eisenhart (1926) has given she mathematical tonditions and it 18 also well-known that 
for the form (1'1) 2E 


Huyag-0 (hin, pm (16) 


in the usual notation. In general a Gaussian transformation can be suitably chosen to 
fix four out of the ten metrice potentials. But (Ll) implies that two more are fixed, 
On account of the identity 


Bat Rages + Brags = 0, (h, i, h kÆ), (4°77) 
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satisfied by the Riemann-Christoffel tensor, (1°6) implies two conditions. But they are 
not tensor conditions. 


The particular cases considered by us are all distinguished by the simplifying condi- 
tion that only one variable potential is present in the line-element. The gravitational 
field equations 

Ry = 0, 
being ten in number, the one potential function is subjected to far too many conditions. 
The four identities reduce the restrictions only to a certain extent. One does not there- 
fore anticipate a non-irivial solution, Wehave examined what happens in each case 
assuming the field equations to be 


(a) R,, = 0, 
(0) Ry, = Aun (1*8) 
(c) R,,—43Rg,,* Ag,, = —kT,, 


where x stands for 8z in natural units. Ib will be assumed that 
T, = (p +.Q)0p0,— PY nr (1'9) 
p and g being the pressure and density of the distribution and v, the flow vector 
satisfying 
gty,v, = 1. (1°10) 
The object of the investigation is to find if any simp!e non-trivial solution exists of 
the field equations characterized by the existence of only one variable potential. Cases 
(iii) and (iv) have already attracted some attention in cosmological discussion: aud in 
connection with Milne’s Kinematical theory. Our actual findings in the four cases are 
as reported below, 


2. Case (1): Metrlo (1:2). The components of the curvature tensor are given by 


Rip = 16,,— i 6,0,, (x, v= 2, 8, 4), 





46 
Hy = 0, (a, py = 2, 8, 4); 
Bye, Š ` (À, m, v, © = 2,8, 4); (2'1) 
86 ao 
0,2 — ; 0,m ; 
where | "7 au w= aros, 
nnd wes, ey, ees, cimi 


The components of the contracted curvature tensor are given by 


By, = Höna + Oss baa) -azla 0 942) 
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Ry, = 0, ih (u = 2, 8, 4); 
Romlé- i 66, (,v,—2,8,); (23) 
KV 9g "" 46? BY ys ) 7) ’ , ? 


which satisfy the relation . 
E, = 6(Raa+ Ras —- Ra). (278) 


Now an inspection of (2'1) and (2:2) shows that when the fiald equations (l'8a) are 
satisfied we have a fla space-time. From (2:3) it is clear that (L'8b! cannot ba satisfied 
for A340. Thus we are led to the conclusion that there is no gravitational field in empty 


space of the type (1'2), that is, of a type which implies a preferential metrical behaviour 
in one spatial direction. 


Subject to the field equations (1*8), the me'ric gives an interesting solution cor- 


responding to no flow of matter, v, being zero by virtue of the field equations themselves.. 
We find in this case 


65 = A(z)(y* +z? -- £9) + B,(a)y + B,(x)2+ B,(x)t + Cía), (2:4) 
pss > a ] (276) 


where A, B,, Ba, B, and C are all arbitrary functions of æ. ‘This solution requires A to 
be:-positive.: It further puts a severe restriction on the behaviour of A, as o has to 
be positive. 


8. Case (il): Metric (8). Here the components of the curvature tensor are 
given by. . » 2 


Bua = — ij. + 


Lahn (u, v= 1, 2, 3); 
4y 
“Ryn = 0, 7 iE (A, i, v = 1, 2,8); 
lov = 0, (A, HB,V,0 — 1; 2, 8); (8:1) 


Tbe components of the contracted curvature tensor are found to be 


mE. si 
(ees R,, x aj" ma P .. (u, v 1, j 8) H 
Rya = 0, : (p. = 1, 2, 8); (372) 


Ra =h fnt Yaa t Yaa) t 15 Ley Ty 47); 


44 


where the following relation exists between them analogous to that in the previous 
case: 


Ry 0 — (E, + By, + ES) i 7 (88) 
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Here again we find that (L:'82) implies 
Raye = 0, 
giving flat space-time, There is no solution satisfying (1°8b). 
For the equations (1'8e) the only solution available corresponds to 
Vv, =, =, = 0.° 


The values of V, p and e are as follows: 


yt = A(t)(z? + y? +27) +B, (ix + B,(t)y + B,(t)a +C(E) (8:4) 
kp — z +À, (8'5) 
Ko — —2, : (8:6) 


"where A, B,, Ba, B, and C are arbitrary functions of t. Thus we have found the most 
general form (8:4) for y, for which the perfect fluid distribution holds good. Here A 
must be negative and as p must be positive there is a corresponding restriction on A. 


It is interesting, however, to observe that for the metric (18) 
R= "e 
means Vii = 0. 


This condition in the case of a perfect fluid distribution cannot be satified as this 
would mean 


A=0. 


4. Case (ili): Metelo (1'4). For this metric we find the componetns of the 
curvature tensor to be: 


t 


1 
Rima = blat Pn) -gen +20% — 9,7) — i Pa?» 


8 - 
Rim = Meam 


E Tost : "P 
Rapat = 394 7 S 96 ‘4°1) 


hee 
Rias = Baa —-— 94° 
49 


Ey = 0, 


. Iw = 0; 
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and the components of the contructed curvature tensor to be: 


1 3 
Ry = gg ^ dg? PaP 


1 1 
Ra = 9 $4 p 94204; 


8 8 
Ra = — 0.9, * 
44 a, ag 9*4, (42) 
R = 1 (2 +r +9 dea ee an a (49,7 + 97 + 9,*); 
op 2c pu wT 49 gà A vis 


where A, u, v are definite and unequal suffixes, which run over 1, 2, 3 only. 


A close examination of (4'1) and (4'2) reveals that here again the field equation 
(1 8a) means a flat space-time. Equation (1°8b), however, does not lead to incompa- 
tibility as in the previous two cases. We find that when (1'8b) is satisfied, all the curva 
ture components except those of the form 


Ryan (A, p = 1, 2, 8, 4), 
vanish and 
Ryars = Risi = Rasas = —(1/8)97A, 
Ras = Ruaa = Bassa = (0/8)94. 


We find the most general solution of (1'8b) to be 


" fe l 
: l espa beige ew 


where A, B,, B,, B, and C are arbitrary constants and f ıs a function of t alone 
satisfying 


f =1/3Aff +a, ^ a—-440 € Bi +B; BS. (44) 


In the above an overhead dot denotes a d:fferentiation with respect to t, Integrating 
(44), we have the following alternative forms for f: , 


js erem A A t-ta, ADO, a0; (452) 
f= 2% com 76, ADO, ««0; (46b) 
f= exp[ + vs«-t]. A20; (4°50) 
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' f = A-3 cos q- À (t-t), A «0, «0. (4*5) 


Now the solution for 9 given by (4:8) and (4'5) can be put, after some suitable 
elementary transformations, in some standard forms. ‘The elementary transformations 
used are shift of the origin of space, change of length in all directions and rotation of the 
space axes. The forms thus obtained are, when A30, 











; — [O/R (8/3) sinh (4A/8) (t-t) ] . 
! e-| IPIS IP A0; (4*62) 
' — FOR, v (8/A) cosh (4/A/8)(£— ta) NA 
OW [ Dern] AR, (o x6 aon 
(09 = [(L/r?) exp {+ V(A/3)(t—-,)}]?, A>0; (4°6c) 
ü/ RV C E ik A[3)(t— tq) : P 
= [889v css vie |) a<o (46d) 
and those obtained by taking A = 0 are: 
9 = exp [+3¥ (4/8)(£— 1] A>0; (4°7) 
l SI. À a 
= JE sinh NEEN A0; (4:82) 
_ 8 
l 2-3 AE cos 4-i (t= a A «0; (4-8b) 


the case A = 0 being impossible for (4°5b). The forms (4'6) and (4'7) for 9 are seen to 
be spatially isotropic, whereas those of (4°8) cannot be made so by any transformations. 


The only solution of some interest is apparently de Sitter’s, vie. (4°6b) and (4'7). 
However, (4'c), (4'8a) and (4'8b) may also provide explanations of some gravitational 


situations of ástronomieul interest outside the domain of singularity. The forms (4°6a) 
and (4'6b) deserve attention. 


We also find that there is no solution of Einstein's equations (1:8a) or (1'8b) so that 


- = plz, Y, 2). 


Equation (1'8c) gives the following solution in this case 


f(t) I 
Tm Lae +y*+27)+ Byo+ Boy +B, +C (eH) 
p and e being given by 


EUER SA 
A-Kp ptyta: (4°10) 
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where 


AtKe = — a af Y 


a — —4AC c B^ +B 0 B, 


and A, B,, Ba, B, and C are constants. 


Lemaitre's well-known form is a particular ease of the above solution. 
in the solution given here to put some of the arbitraries as zeros. 
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(411) 


One is free 
In an astronomical 


solution where the outer field has to be of the form (1 4), the form obtained by us gives 
more latitude to fit the external solution to an internal solution. 


5. 
space-time. 


Case (iv): Metric (1:8) 


Rucpy = HM + Pm) -Fer + 9? a pa’) 


8 
= EPa — 4-929, 


By 49 


8 
By = i94 Tage 


8 
Baa = 19. 4-940955 


49 


We now consider a metric which is sontormal to flat 
In this case the components of the curvature tensor are : 


la 
49°" 


1 1 s 
Rum = -ila — P41) — 907 278 29? + 9,* * 9,7); 


29 


Rapes = 0; 


and those of the contracted curvature tensor are: - 


where 


Ry = Epa- i Pa? + 
Ra =F Pun p 9, — 
Ruy = = te Bet MP 
Ryu = 5 oa xa 9494; 


OF = 91; t Past 935 


(51) 
ine, 
k 2 
1 
igo 
(52) 
—7944 


| and sioe À, " v are definite and unequal suffixes, each taking tho values 1, 2, 8 only, * 
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Here again we fiad on examination, as is to be expected, that (18a) implies flat 
space-time and further that if (1'8b) is satisfied, we have: 


Rissa = Rys = Rim = Rissa = Bua = Raisa = (1/3)9%, 
and all other curvature components vanish. 
If we solve the differential equations obtained by taking 
| R,, = 0, (u+) 
we get ook = f(x) + faly) + fala) + falt (5:8) 


where f,, fa fs and f, are arbitrary functions. The equations (1°8b) mean four additional 
equations whose solution yields finally : 


‘ork = A(z? +y? e D) Bae Buy e Bye e Bub C, (574) 
" where A[8 = 44€ — (Bj - B,! * By) Bas, 


A, B,, Ba, B,, B, and C being arbitrary constants. Equations (1°82) give the follcwing 
values of 9, p and e in the absence of mass-molion : 


| 97* = A(z? +y? 423) cB, B,y - Ba C  F(L, (b'5) 
: A—xp = 8(F? - 4AF — a) —2973(2A + F), (67) 
A-F kp = B(F* -AAF — a) (5:7) 
where l a =—44A0 c B, - B, +B, 


A, B,, Ba, B, and C being arbitrary constants and F an arbitrary function of t. 


6. General Observations. Since Liapounoff established the result that an isolated 
homogeneous fluid mass assumes a spherical form under the Newtonian law of gravita- 
tion, astronomical research has brought to our notice that large systems of matter have 
irregular forms, spheroidal, flat, etc., either because a sufficient time since their creation 
has not elapsed;for them to assume the spherical form or because relativistic forces and 
other considerations including thermodynamical conditions and electromagnetic forces 
come into play. Various complicated gravitaticnal situations are presented by star 
clusters and the nebulae. These can be represented by an internal line-element and an 
external line-eloment. The question of the boundary conditions to be satisfied has not 
yet been satisfactorily settled. It ig accepled that the metric potentials must be con- 
tinuous at the boundary, But this corfdition is not sufficient. It is worthwhile, there- 
fore, to undertrke a programme of investigation, in the first instance, concerning possible 
gravitational metrics having a certain form Some of the solutions thus obtained could 
provide either internal metrics or external metrics. We have reported here the first 
instalment of our results obtained in this connection. We are also looking into the 
question of the boundary conditions. 


Various mathematical questions arosé in the course of our investigation, One may 
be* mentioned. We have remarked in the introduction that for the line-element (1*1), 
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the result (L'€) holds good. We took up the reverse question. Dees there exist non- 
trivial gravilational field that is one for which 


Ry, = 0, 
so that only Ryu FO, (A, 2, v, cÆ), 
the rest of the twenty components being zero? A simple caleuiation shows that since 
BO ats = 0, 
we must have Prue = O, (A, p, v, e X-). 
It has to be admitted, of course, that the last condition is not a tensor condition. 


We are grateful to Professor V V. Narlikar for having suggested the problem and 
guided us in the course of the investigation. Many of the results stated here are 
verifications of his conjectures. 
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ON THE ORDER OF THE CESARO MEANS OF A 
SERIES CONJUGATE TO FOURIER SERIES 
By 
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1.14. Let 


S (bn cos n&—a, sin n6) = XB,(6) (1.1.1) 
n—l 


be the conjugate series of a Fourier series associated with f(0) which is integrable in 
the sense of Lebesgue over (— ~r, a) and periodic outside this range w.th period 2r. 


The 
rh derived series of the conjugate series (1.1.1) 18 
d" ; 
3 (ba cos nO — a, sin n6). (1.1.2) 
n=] 
We write y(t) = ife t)-fíz—1) ; 


6.) = y(t) -1; 
r-1 1? 
P(t) = €$0,—, 
n A Pol 
y's being constants independent of t; 


hi) = x Life) - P) - cfe -PC- ult s 


"IN c 
v qs yen, (a> 0), 
T(t) = yt); 
yalt) = T (a 1)t79(1), (2-0); 


and define 98,(t), 6,(¢), H,(t), hat) in a similar way. 


Also we wr te 





1 
Y.(z) = f (1— tje-1 sin at dt, («> 0) 
o ; 
Du or (—1ytighi fon ape 4 dt sies 
Je) = nr E1-gI( i) i xo grupos e 


where h is the greatest integer not greater than a, 


t h(t) is supposed to be integrable (L). 
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If 6,(0, defined as above, terds to zero as t0 then we say that f(8) has the 
generalized j jump l in mean of order a, nb 0 — z, 


1.2. Definition, [Riesz (1909); Chandrasekharan and Minakshisundaram (1952) ] 
Let È Un be a given infinite series and A, a positive ateadily increasing function of n, 
tending to eo with "^. We write 
' Alw) = Alo = X Ug 
A o 
Ay"(w) = X (vo— Àn) un 
; Ae 
and Ca (o) = Alo) o" 
The series 3 Uy is said to be summable (R, A, r), r>>0 to sum s if C (o) existe and 
1 
tends to 8 as wo, 


1.8. In the year 1920 Lukacs [ Lukacs, 1920] proved that if 6(t)>0 as t0, then 


: S, (x) etj n, 
T 


S,(z) being the ^^ partial sum of the conjugate series (1.1.1) at 6 = æ. In particular 


B, (£) = o[log n] for almost all values of æ. The object of the present paper is to extend 
the above result so as to be applicable to the order of the partial sums of the Ceshro 
means of the conjugale series (1.1.1) at 6 = æ and to frame examples showing that the 
result obtained is the best possible*. Our theorem, given in §2, includes even a rather 
generalized form of the result of Lukacs as a particular case, We also obtain an analogous 
result for the order of the Cesaro means of the r/^ derived series (1.1.2) at 6 = win 84. 


From the theorems of this paper, in conjunction with cértain known results, we 
have deduced like corollaries a number of results in §5, giving sufficient conditions for 
the summability (E, A, k) of the conjugate series and its successively derived series for 
different values of A and k. 


2.1. We establish the foilowing theorem. 
Theorem t If S,(w) denotes the (C, a) mean of (1.1.1) at 0 — z, and if 





EU H dt = o [lor 3 y ] (2:0, -1 <p < o9), 


. OC 
as t0, then we have 


i Elon log w. (-1<p<0) 
| QT 
= o[( log o)?*1], (p 2 0). 





* The analogous results for the case of Fouiisr series have been already obtsined by the authoress of this 
* paper and they are under publication. The paper containing these will be referred to as (A), 
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2.2, We make use of the following lemma due to Bosanquet (1934). 


: Lemma 1. If Salo) denotes the (C, 8) mean of the conjugate series (1.1.1) at 


0 =x, then 


Bj») = z A f VIS of)dt, (Ba 0), 
0 


where J%(x) and its derivatives are bounded for z 2« 0, and for large values of x 





Jana _ L(B+1) sin fz—3z2(28--1) , 1 l 
Ja(z) = T1) qitB-. Ro ols]. 


Also if 1 > 0, then 


» Fa 1 
o f yT oh- dt = o0). 


"7 





2.8, Proof of Theorem 14. We have by Lemma 1, writing 63(t) = 


Balo) = 26 f WOT otat 


0 


-i. [axe J*(otydt 4 2 af Tla pats? [Ys Pel) a4 + 0(1), (2.8.1) 


Now by Lemma 1 


w f 6, (0J* (wt) dt 


0 
= "dnd ia Ë (1.— eos (ot—najjat + o[ f" [80] at] 


xala zelo 


oftar a ef SS [&.t «at + of (log onn] 
xale 
(2.8.2) 


o [(log «)?*1]. 


T 


Next, by second mean value theorem, 


nalo x Ls 
2, f Funi E ofo f a]-2f 1 acp Ens (troat of f = d 
= 0 0 m taja t A zaļo t * wt 





rajo 


= 0(1)+ 9 log v. 
JT 


5- 1985P— 3 
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Also it is easily seen that 
i nO dt = Ol). (2.8.4) 


Hence we have from (2,8.1)...... (2,8.4) 
Su) = “log w+ of (log aei], 
us 


which completes the proof, 


2.4, Making use of Theorem 1 and the following well known identity [Hardy 
(1919); Kogbetliantz (1931) ] 


talw) = a{S,-1(w) — 8.(w)}, (« > 0), 


- where 7,(w) and S,(w) denote the (C, x) mean of the sequence {nu,} and tha series Bun 
respectively, we obtain the following theorem, 


Theorem 2. If 





os, 
a> 
C an 
= 
a 
e 
ll 
Q 
— 
rey 
o 
exi E 


e] cM 


as 1-0, then we have 
7541(v) = o[ (log w)Pt1], 
where r,41(w) denotes the (C,a+1) mean of the sequence {nB,(z)}. 


8.4. We shall now show that the results of Theorems 1 and 2 are the best possible, 
We consider the case 1!=0 of Theorem 1 only, the analysis for the general case and 
Theorem 2 being the same. Firstly we shall show that: 


There is an odd periodic integrable function w(t) such that 


40 =of(iog £Y], (20, -1<p < o), 
as 40, and at t= 0 


S.(w) > £.(log w)? t! (8.1.1) 


for any £, tending to zero a8 ooo, however slowly, and for arbitrary large values of w. 


Secondly we show that: 


There is an odd periedic integrable function W(t) such that 


vat) = O[ (tog # Y], (20, — <p <0), 


ay 


and f PTUS =0 [tos 1 yi 


THE ORDER OF THE CESARO MEANS ETC. 148 


as t->9, butat = 0 S (w) ol (log «pti 


for arbitrary large values of w. 


3.2. It is easy to see that, if 


$0 = o (o1) J. 
f iat - o [ios '], 


0 


as (0, then we have 


as (—0, but not vice versa, and if 


f! y(t) |dt = 0 [ (cg } Y} 
[ E a= sont). 


t 


as t0, then 


as t=>0, but not vice versa, 


(8.1.2) 


{-1<p<oco), 


(71 <p < oe) 


Thus the statements (8.1.1), (8.1.2) show thatin Theorem 1, neither order estima- 
tions of S,(») can be modified, nor the order conditions of V,(f) can be replaced by less 


restrictive conditions of a certain type. 


8.8. We shall require the following Lemma. 


fi V. (u) | du — o | (oc i y} 
0 


Lemma 2. If 


as 1-50, then we have 


Blo) = o [dog uy] + 2 [2 Yl a : a yalt) ee Cri tat oll), 
z x xalw 


Proof. We have by Lemma 1 





0 


2 of. f T. V. (at |+ 2 f yo eos (tr) at 4 2 J Datso ) 


zelo 


which is the required 


E 2 (^4,0,, 2 cos(ot — za) 
= o[(log w)?] + al =i 2 f santet taceam, 
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8.4. To demonstrate (3.1.1) we construct the following example : 


Example 1. Consider first « to be a non-integral number. Let [a] and {x} denote 
its integral and fractional parts, respectively, Let h = [x]--1. Take the sequence of 
integers Ry, By, Raye monotonically tending to infinity such that 


R,=A 
where A is a sufficiently large integer, and 
Ri = {[(R-1) bot) ] fa 311, 
where the inner brackets denote the integral part of p,*,: Let 
a; = raf Fs 
and let {c,} be a sequence tending to sero as i-o, such that É;|c;—0 as ico, for any 


given sequence fE} tending to sero as ioo, however slowly. We denote the interval 
[96 1] by Li and define an odd periodic function e(t) such that 


Tat Lo(t) = ent(log y cos Ect re), 


for t lying in In, and 
o(t) = 
for t lying. every where else in (0, x), the sequence fn} consisting of positive integers 


monotonically tending to infinity, taken with sufficient large gaps. 
We define 


= 1 ‘ -— ~ia b 
407 sc / (£—u)- (Jo^(u)du 


In order to show that y() is integrable (L) it will be sufficient to show that o^(l) is 
integrable (L). ' Differentiating h times we get 


LO = Ofte o(Ry,)*] 0 [(2, 57157177] &...... FOL (Bg hm 7] d 


ni 
+ O[t«-^-«], (0 «ux 1), 
-or | h(t) = P t Pata b Pega tence t Pap 


say. It is easily verified | that for Ls m<h, u 


[ Prt rd = S/ Putidt = = O11 1), 


I !|oam0 Jn; . - 
which shows that c^(f) and so consequently y(t) is integrable (L). Again by a theorem 
of fractional integrals we have 





* p= (Ri-1) Ga} 72/9, 


+ The analysis is exactly similar to that given in (A). In tho remaining piper the ene 
repetition of arguments is avoided as the details of analysis ran parallel to that ın cage (A). ] 
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yalt) = Dette, (t) = — f ‘(buy du 
[uU 


p 
= on log 1) eos (Ent — xa) 
for values of t lying in In, and 


y. (t) = 0, 


everywhere else in (0, r). Itis easily seen that 
BV 
sn = ofr EY} 


S.(») > £ (log w)?**. 


According to Lemma 2 we have 


We now show that 


8.(w) = o [(log oP] - Í yalt) cos lot — se ge, 





zaļa 
or 8,(R,,) = o [log Ra)? "] -J, (8.4.1) 
say. We have 
alRay~-t 2 » z 
J = 2 Os, cos (Rt — 22) (log 1) di 2 y. (t) 98 (Ryt—na) gi 
xa/Rn, t " zají R, =) t 
=J, 4, (8.4.2) 
say. Now 
aJ Hg —1 xe] n, - 1 . 
J, = C. (og Epa Or. eos Qi im tog 1 y at 
ECT T "galha 
> &n,(log RaP. (3.4.3) 
Next 
i227 qe ees? a(t) 998 emt = a) 
n raf, =a t . a xo[ Bni-, t 
as ¥.(t) = 0 in [za/ Ea, t$ na] B4]. 
$-1 o] Rn,—1 
Or J,= > Cp £08 (Rn + Ry )b 7 2ra} + cos-(Fa, — Ray)! (log : yat 
om} rajn, t t 
t=} 
n Ea (log E," ] 
of 2 Ry — Ba, 


zo(1. (8 £4) 
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Collecting all our resulta (8.4.1)......(8.4.4) we get 


Bu) > £. (log w)?* 2 


which establishes the statement (3.1.1) for non-integral values of v. ‘For the case when 
a is an integer the above analysis becomes simpler by puting a = k, and defining 


R, = (LR, 0797699] fat YR, 0o x), 
Hzample 2. First consider « to be- a non-integral number and let [a] and {a} 
denote its integral and fractional parts respectively, and let h — [a] 1. | Let {z} be a 
sequence of positive increasing integers tending to infinity sufficiently slowly. Also take 
the sequence of integers Ry, Ris Ry....... monbtonically tending to infinity such that 
~ RÆK, 
R= AL [Baad] fat YR, — 7 — (OE < Kah, 
where by [[p,]] we denote the nearest integer greater than pg such that [[p;]]/« is 
also an integer, where p; = (R,-1)({e}-5!", 


We write 
a 
= el, 
is * 
M, = mR, E 
a = Ta 
* Rr 
i p 
zc 


and denote the interval [a vi-1] by li Let c(t) be an odd periodic function such 


that 
I'(z-c1)e(t) = C, t* cos (Mat —22), 
for values of t lying in In, where n, is a sequence of positive increasing integers taken 
with sufficient large gaps, and 
a(t) = 0, 


everywhere else in (0, x). ° 
We define - y= mD f (£—u)7 1o (u)du. 
0 


Ib is easy to see + as in Example 1 that o*(t) and so consequently y(t) is integrable 
(L). We have as before " 
Yall) = Cp, cos (Ms — n), 





+ Bee (A). 
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for values of t lying in I,,, and 
y.) = 0, 
everywhere else in (0, x). 
We have if i belongs to the sequence {np}, 
N TER r 
y.tt)dt = Ss [sin (Mit m)- sin (raaa )] = 0. 


wal l?, M i-l 


Hence if t lies in I4, then 


t 
f Jj. (u)du Cn, cos (My,t—az)dt +0 
0 


xal Tin, 


= D sin (M,,t—72) 


- [uy] 


Again 
Y(t) = O(C,,,) 


= offe 4Y] 


We now show that 


S. (v) o [(log o)"*!]. 
Proceeding as before we have 
'S,(Ma) = o[(og M,)7*1] —J, (8.5.1; 
where N 2 f P SEM pue a 
T acil t 
2 aro] Hn, af Ry - Y 9 x 
=- p = 
Tous s T “coffin, ur m 
= oJ, tJ, J,, “s (8.5,2) 


say. Now as we take the sequence of integers {nm} with sufficient large gaps we can 
take n; such that 
(aa/ Ram) < Gal Ma), 
so that (ra/M,,) lies neither in the interval I,,, nor in the interval I4. Thus we get 
P(t) = 0 in the interval [1«/M,,, na/Ra], and therefore 
J, 0. (8.5.8) 
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Nex: 
af Ry xa] R, - 1 
Ja Cs, Lari Ca, cos f2(M,E — na)t] di 
T ~R, T relin, t 
On r 
= Sm fog (Ba, Rp1) + [OB] Ma] 


= A(log Mn )P* [1 +0(1)], 
where A is ü constant > 0. This shows that 


J_o[ (log Ms)7*]. (8.5.4) 
Again proceeding as in the previous example, we have 

J, = o[ (log My,)?**]. (8.5.5) 
Thus we have from (8.6.1)...... (8.5.5), putting w = Ma, 

S. (») 3o [(log w)?**] 


which demonstrates the statement (8.12) for non-integral values of «. For the case 
when « is an integer, the above analysis becomes simpler by putting x — h and 


R, = {[[(R.)0-9-]] e+ YR, (0 «8 « 1). 
Thus the statement (3.1.2) is completely demonstrated. 


4, Theorem 3. 7f 


t 


flat = of log ry"] (820, -1«p« e), 


as t—0 then we have 
Br*8(w) = of (log w)?*?], 


48 woo, B,'*3(w) being the (C, r+8) mean of the series (1.12) at 0 = zx, 
The above result is obtained by virtue of the fact that 
AM) = o[(lcg o)?*1], (li = 0, 1, 2,. ....7), 


by theorem 1, where A,'+'(w) denotes the (i--8)*^ Ceshro mean of the conjugate series 
corresponding to A(t) at t = 0, and the following Lemma due to Misra (1946), 


—k : j 
Lemma 3. If B(w) denotes the (C, k) mean, for k z« r, of the 1 derived series 
of the allied series (1.1.1) at 0 = x, and A,*-*(w) denotes the (k—i)* Cesaro mean of the 
conjugale sories corresponding to h(t) at t = 0, then we have 


B) -— ae r l(I-k-1) kd-r( o) — 
Meet irae ed 
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a (r—it+1)(r—i+2)...(r) 


where E 
+ Tr(i+1) 


The above Theorem 8 can also be putin the following form, which shows that a 
recently published result of Mohanty and Nanda (1955) [Proe. Amer, Math. Soc., 6, 594] 
is included in it: 


Theorem 3'. If 
l [Tag o [(log o?*!], (920, -1<p<oo), 
t 
as t>0, then wo have 


B, (o) = Erl log w+ of(log 0)? }, 
T 


as 10-00, * 


8.14. We give some corollaries in this section which are obtained directly from 
Theorems 1 and 8 and the following Lemmas. 


Lemma %§, (a) If (C, a) means of the series Š u, are o[logn] as noo, for 
r=] 


a>>0, and if its (C, a +1) mean exists, then the serica b {u,/ log (r+1)} is summable (C, a), 
r=] 

(b) If the partial sums of the series Su, are o[(log n)?*'] and its(C, 1) 
r—1 


means are &-- o[(log n)?], as neo, for —1<p<co, then the series ` [ur/ flog (r+ 1)P**] 


is convergent. 


Lemma 8. [Zygmund, 1925]. If Xa, = o(R, n, B) for some B and 8,(w) = o[p*(v)] 
where p(w) is an increasing. function which tends to oo as woo and S,(v) denotes the 


(C, a) mean of the series Zan, then 


Zan E o(R, P a), 


| l Tray 
where p(x) = exp IEA: 
.. 8.2. Corollary 1. If 


f FAL = oft), 


0 





* This paragraph has been added im procf. 
$ See (À) 
6—1935P— 3 
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and Pu - E -S(oc), 
40 7 
then the scries E [On cos nz — a sin nz)/ (log (n+ Dt] 


ig Ssummable (C, a), and if 


[ soe o[ e(ios 1Y], (-L<p<~), 
and Lim 2 y MY) qu-,s(o), 
io 74 


then the serica 
3 [bn cos nz — a, sin nz)/ {login +L)?" ] 
nel 
i8 convergent, 


Tho result follows from Theorem 1 and Lemma 4, 


Cor llary 2. If 


f oat = o(t), (8 > 0), 


0 


as (0, and 


pi T. 


ao 


then the senes E. Im ig (b,, cos n8 — a, sin n6) H/tlog (3] 


ig summable (C, r8), at 0 za. 


The above result is easily cbtayned from Theorem 8 and Lemma 4. 


+ .£* 


[hue ee 1)] exo 
é 


and Lim 2 | YO at>8(0), 
T 
t 


t0 


Corollary 8. (a) lf 


“then the conjugate serics (1.1.1) is summable (R, log n, a), at 0 =æ to eum S, 
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O [tse ont) ab 
as (30, and 


. 2 (^w) 
Lim 2 / YO qt ysqe), 


then the conjugate series (1.1.1) is summable (R, p, a) at 8 = c to sum S, whero: 
u(n) = exp {(log n)1-Ve}, 
The result follows from Theorem 1 and Lemma 5. 


Corollary 4. (a) If {h (t)] 1V*5 
f a= «in E" a 
and Lm ? J i Mit ss), 


then the 1 derived series of the conjugate series (1.1.1) is summable (R, logn, r8) lo 
sum r! S at 6=2, and 


b I ` 
(0) f f a = oftog 1], (r+8>1,8>0), 
$ 


as t->0, and if 
Lim 2 T: Patas), 
to m7 i 


then the r^ derived series of the conjugate series (1.1.1) i8 summablo (R, p, r4-8) al 
0 = x, to sum rl S, where 


p(n) = exp {(log n)1-Vir*9], 
The result follows from Theorem 8 and Lemma 5. 


My best thanks are due to Dr. B. N. Prasad for his kind help and valuablo guidance 
during the preparation of this paper. 
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PROJECTIVE CURVATURE TENSOR AND 
RELATIVISTIC GRAVITATION 


By 
K. P. Sinau, Banaras, U P. 


(Communicated by Prof. V. V. Narltkar—Receited Muy 16, 1955) 


Abstract. In this note the influence of the vanishing of the projective curvature tensor and of its 
divergence on a relativistic gravitational field 1s explored It ıs found that there is no gravitational feld 
consistent with the first condition and that there is no -perfect fluid distiibuti n consistent with the second 
condition. 


The present investigation arose oub of a study of the projective curvature tensor 
Wye from the gravitational point of view. It has ten (Eisenhart, 1926, p. 185) 
algebraically independent components which are given by 


Write = Ey (nal Ra) (1) 
for a Riemannian V4, It is well-known (Thomas, 1934, p. 217) that a necessary and 


sufficient condition for a Riemannian space to bea space of constant curvature is that it 
should be projectively flat, 7 e., 


Wage = 0 
which leads to 
1 
Rrok = ay nu 7 gua). (2) 


3 


? From (1) it is obvious that if Ry and Way, vanish together, then Rw = 0. Hence 
_if a part af a gravitational space which is [ree from matter has a constant curvature then 
the latter is zero, 


Again if R,,0 
but Ry-4toyh = —KTy (8) 
and Wag = 0 we have from (2) for a Riemanniah fourfold 
Ry = Rgy/4. (4) 


which is physically untenable. Hence in a Riemannian spacetime of constant curvature 
there can be no physically possible distributions of matter, 


When we turn to the divergence of the projective curvature tenscr we find that the 
conditions 


WAL, a = 0 * (5) 


154 K. P. SINGH 
are the same as 
Fh, h =0 (6) 
or as Ry, r= Ra, p ` ` (7) 


a comma (.) preceding a suffix denoting a covariant differentiation with respect to the 
corresponding variable. It 1s clear that these conditione always hold for a gravitational 
space free from matter. For a space-time occupied by matter we consider the following 
special vase of a materia! distribution, 


Ty = (e+ pviv;—pgo (8) 
with V, = V, = 2, = 0, v, — 1, 
Va being the flow vector. The equations (7) lead to 
(Tg - 3Tgi),s = (Ta —- 3Ta), (10) 


“which stand for forty equations. For the above case of material distribution given by (8) 
four of the forty equations give us 


Ge. Op, Ge. Op 
Or Or’ 08 36’ 
Ge, de æ Op ' (1) 


as a consequence of which we have 
0p. (12) 


Equation (11) is physically untenable. Thus a perfect fluid distribution of the 
type (8) is incompatible with the condition Wy, x = 0 which conflicts with the physical 
limitations on e and p appearing in Ty. 


The author’s grateful thanks are due to Prof. V. V. Narlikar, Head of the Depart- 
ment of Mathematics, Banaras Hindu University, who suggested the above investigation 
and who had anticipated the results obtained herein, 
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ON THE SLOW STEADY TWO-DIMENSIONAL FLOW 
OF A VISCOUS LIQUID IN A CHANNEL BOUNDED 
BY TWO NON-CONCENTRIC CIRCULAR ARCS 


By 
S. R. KnaMnur, Calcutta 


(Communicated by Dr. S. Ghosh—Received July 18, 1955). 


Because of the non-linearity of the equalions of molion of a viscous liquid very few 
exact solutions of these equtions have been obtained as yet. Jeffery (1915) has given 
the exact solutions of the two-dimensional flow of a viscous liquid in a circular canal 
with concentric circular boundaries, but no solutions of the problem is known when the 
boundary consists of two non-concentric circular arcs. In the present paper. the slow ' 
steady two-dimensional motion of a liquid between two non-concentric circles is 


D 


determined. 


1. Let us introduce a system of curvilinear orthogonal co-crdinates defined by 


x+ily+a) (1) 


TEI SRE s +i(y—a) 


The cuvres « = constant are a set of co-axial circles having the points (0,—a) and 
(0, a) as limiting points, and the curves 8 = constant, the orthogonal set of circles passing 
through the limiting points, We have 8 = s on the portion of the y — axis lymg between 
the limiting points and 8 = 0 on the remainder of the y-axis. 


‘From (1), we have 
æ+iy = ia coth à(« + i8) 

















Therefore 
5 - [e M a 2 
h? | d(a+i8) 2 sinh? $(« +78) 
£ aè 
— 4sinh? $(a + iB) sinh” i(«—1:) 
z E a? FS 
~ (cosh a> cos 8)? 
so that h = cosh a— cosg (2) 


a 


9. When the motion is slow and steady, the two-dimensional equations of 


qmotion are ..' 


1 
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-ÊP eau - 0, E A =0 (3) 


the plane of the motion being taken as the (z, y) plane. 


If y be the stream function of the liquid motion 2o 





u=-%, v= (o 
Substituting in (8), we get 
OP aca yay, P= a (5) 


These are Cauchy-Riemann differential equations, so that 
BV) +ip 
is an analytic function of a+iy, and therefore of a + iR. 


Further, if wa eliminate p between the equations (5), we see that y satisfies the 
equation 


Vi = 0 (6) 


If we measure 8 along a fixed boundary, and n normal to it, we have on the assump- 
tion that there is no slipping on the boundary, 


OF. o, 9-0 


on a fixed boundary. The second of these equations can be integrated with respect to 
8 and gives V = constant on a fixed boundary. 


If « = constant be a fixed boundary, we have on using (2), 
m m wi nhe 


Therefore on a fixed boundary a = constant, we have 
y = constant, ` | 


7 
and RO) P sinha = 0 | "i 
8. Let us assume as a solution of (6) (Jeffery, 1921) 


. hj = Á, cosh a+ B, a cosh a +C, sinh a +D, a sinh a + 
[A, cosh 2a + B, +C, sinh 2a + D,a] cosg (8) 


ON THE SLOW STEADY TWO-DIMENSIONAL FLOW ETC. 157 


If the motion takes place between two non-eoncentrie circles a = a, and a = ay, 
under pressure, the boundary conditions are 


y=y, when a=a,, and y -—wY, when «=a, (9) 
and $9 - Y sinh 10 (10) 
when a= a and when a= a,. 


These conditions give 


A, cosh a, + Box, cosh a, + C, sinh a, + D,a sinh a, = (f,/a) cosh o, 
A, cosh a, + Bya, cosh ag + C, sinh a, + Doza sinh a, = (¥,/a) cosh az 
A, sinh «,+B,(cosh a, +a, sinh 2) + C, cosh a, + D,(sinh a, +a, cosh a,) 
= (d, Ja) sinh a, 
A, sinh a, + B,(cosh a, + x, sinh «,) + C, cosh a, + D,(sinh a, +4, cosh aa) 
= (V,/a) sinh «4 
A, cosh 22, + B, +C, sinh 2a, * Dia, = — y4, fa 
A, cosh 22, + B, + C, sinh 24, c D,o, — — Ya 
2A, sinh 2«, +20, cosh 2a, + D, = 0 
2A, sinh 22,+2C, cosh 24,+D, = 0 


Solving these equations, we get 


A, = its - &K [a,? — a? + a, sinh 22, —a, sinh 2a,—sinh (2,--2,) sinh («,+«,)] 





2a (11°1) 
B, = K[4,—9,+sinh (2, —«,) cosh («,+4,)] (11:2) 
C, = K[o, cosh? a, — e, cosh? «, —sinh (e, —2,) cosh «, cosh «,] (11:8) 
D, = — K ginh («,— 2) sinh (a, +a) (11:4) 
A, = K’ sinh (a, +¢,) (11°5) 
B, =- Éha ox +a) cosh (4-3) t (1176) 
C, = — K’ cosh (a, * 2j) : (11.7) 
D, = 2K’ cosh (a,—2,) (11.8) 

where 

K= yy, -y (119) 


B a[ (2, «4? — sinh*(a, —«,)] 
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‘== Y; — Y5 : 
T 2a[(z, —2,) cosh (2, — 25) — sinh (z, —«,)] (11°10) 





when the total flux across a Section of the channel is prescribed, y,—, is known, 80 
that the coefficients are all known except A, and B, which are indeterminate to the 


extent of the additive terms 3(J,  V,)/a and —3&(V,  y4)/a. 


But since we can add any constant term to V without altering the liquid motion, 
we adjust the constant in such a way that ¥,+¥,=0. Then A, and B, become 
completely determinate. 


4. To complete the solution of the problem it remains to determine the mean 
pressure p at any point. This is determined from the fact that 


BVP + ip 
. is an analytic function of «+78. 


Now (Joffery, 1921) 


avy = [eost * — cos a(S 5a + En )-2 sinh ao -2 sin bt (cosh a + cos p) ow) 


= 2(A,+D,+B,)+2(B,+D,)2+2(2A,—D,) cosh a eos B + 2(20, - B,—D)) 
sinh a cos 8 — 2(4, cosh 2+ C, sinh 22) cos 28 (12) 


Therefore we geb 


p= P^[(B, + Dg +(24,—D,) sinh a sin 8 + (20, — B, — D;) cosh a sin 8 
— (A, sinh 2x4- C, cosh 2«) sin 28] (18) 


In conclusion, I wish to express my thanks to Dr. 8. Ghosh for guidance and 
helpful suggestions in course of the work. 
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ON THE SLOW STEADY ROTATION OF. A SPHERE 
IN A VISCOUS LIQUID 


By 
S. R. KnaMnur, Calcutta 


(Communicated by Dr. S. Ghosh—Received August 1, 1955). 


An approximate solution of the problem of slow steady rotation of a sphere about a 
diameter in an infinite viscous liquid has been given by Stokes (1845, 1851) by assuming 
that the liquid particles describe circles round the axis of rotation, When the second order 
terms are sensible, no steady motion of this type is possible, and Stokes (1845) is of 
opinion that the sphere acts like a centrifugal fan i.e , the motion consists of an inflow - 
at the poles and an outflow at the equator superposed on a motion of rotation. The same 


picture has also been givon by Howarth (1951) in the other extreme case of high Reynold’s 
number. 


In this paper, it has been shown that even in the case of slow motion, a solution 


can be constructed by a process of successive approximations, which gives a picture 
similar to that envisaged by Stokes. 


1. Using spherical polar co-ordinates r, 6, 9, let us suppose that the sphere r= a 
rotates slowly with angular velocity Q about the polar axis, If u, v, w be the components 
of velocity, then omitting the azimuthal variations, the equations of steady motion and 
the equation of continuity are (Goldstein, 1950) 














Ou, vOQu v’ +w’? 19p (v 2u 23v_ 202002 ) 
prt á =- LT} aera 
"art 706 7 ger AV" a ag (0 
Ov, vOv , uv_ w'cotó | 1 Op ( 29u v ) 
+ =f mu E Tc. t 
"Or. 1000 7 7 or 06 AV" +a Fanta g 
Oo, 2 OY 4 WH, wets E 
Usr OR uw T k did T? sin? 6 @) 
OAs 1 _ 
sarl IP zs sin d 0 (4) 
On the surface of the sphere r = a, 
w=v=0, w= Qasin - (5) 


At infinity the velocity vanishes and the pressure is finite. 
Stokes’ solution of the problem is (Lamb, 1958). 


3 
u=v=0, w= a sin 6, p = constant. (8) 
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9. In the second approximation, we take the components of velociby as 
3 
u,v, w= T sin 6+w’ (7) 


Substituting in the left-haud sides of the equations (1)--(3) from the first approxima- 
tion (6), we get 








», 2u 20v  2vcobó Y  10p Q'a* ., 
(v P r8) P j- ear p (8) 
2 20u v .19p Q'a* . 
(vv S urge vu Mee i 
tw we 
Ye T! gin? 6 9 (10) 
To satisfy these equations, we assume 
u = Q'a*(8 cos? 0 — 1)F(r) (11) 
v = 07a" sin 0 cos 6G (r) (12) 
w = (Ya? sin 6H (r) (18) 
p = 29vQ?a"[ f(r) + g(r) sin? 6] (14) 
Substituting in (4), (8), (8) and (10), we get 
$294, 8F 3G ., 
F” + FL Uu (15) 
rr 2 ^ 6G _ 12F aa 4g at 
dioc det iC dre: ae) 
H'4 2gr 2H 29 (17) 
T T 
,, 2F G 
F+ GE 0 (18) 
P rL a 
[^ 39 = gw (19) 
where the dash denotes differentiation with respect to r. 
The conditions on the surface of the sphere give 
F(a) = Gla) = H(a) = 0 (20) 


Further F, G, H vanish at infinity, and f, g are finite there. 
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From these equations and boundary conditions, we get 


a? a M a* a 


HERE -2) NE d ( -*) 29 
pm pa(t-4).9 bri 13 (a2) 


3. It is seen from (11) and (21) that u is positive or negative according as 
3 cos"9—1<or>0. Therefore, in the upper hemisphere, there is a radial inflow for 
0 < 0 < 54?45' and a radial outflow for 54°45 «20 < 90°. when 6 — 0, v= w — 0, so 
that there is purely radial inflow at the poles. When 6 = 90°, v = 0, so that the out- 
flow is in the equatorial plane, but not purely radial. 








The.only stress component that contributes to the retarding couple is 


T9 = oe, seve 


H T sin 0 89 Ər T 





ra= a 2 Qo L8) 


As u is independent of 9 and w’ = 0, the retarding couple is the same as in Stokes 
approximation, vis., 8ruQa?, 


In conclusion, I wish to express my thanks to Dr. 8. Ghosh for guidance and helpful 
suggestions in course of the work. 
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ON THE DISTRIBUTION OF STRESS IN AN INFINITE 
CIRCULAR CYLINDER OF TRANSVERSELY 
ISOTROPIC MATERIAL CAUSED BY A 
BAND OF UNIFORM .PRESSURE 
ON THE BOUNDARY : 


By 


‘J. Q. Cuaxnavorty, Calcutta 


(Communicated by Dr. S. Ghosh—Received July 25, 1956) 


When a long cylindrical shaft is acted upon by a band of uniform pressure on the i 

fboundary whose width is small compared with the length of the cylinder, the stresses 
and displacements produced in the cylinder differ considerably from those produced by 
uniform pressure applied over the whole of the boundary. This problem is of practical 
importance and can be applied to shrink-fit problems where a short collar is shrunk on a 
shaft whose length is very great compared with the length of the collar. When the 
cylinder is isotropic the solution of the problem has been given by Rankin (1944) in the 
form of a Fourier integral. He has introduced for the purpose the stress function 9 
(Love, p. 276) which satisfies the differential equation of the fourth order and in terms 
of which the stresses and the displacements can be expressed. A completely analogous 
problem from the mathematical point of view is the problem of stress distribution in an 
infinite solid with a cylindrical hole, when hydrostatic pressure is applied over a small 
band on the boundary of the hollow. When the material is isotropic an approximate 
solution of this problem bas been given by Westergard (1941). Tranter has also intro- 
duced the stress function given by Love. In the present paper the solution of both 
these problems are given when the material is transversely isotropic with the axis of 
symmetry at each point parallel to the axis of the cylinder. 


Elliott (1948) has shown that in a transversely isotropic material the stresses and 
displacements can be expressed in terms of two functions which satisfy second order 
differential equations. In the case of axial-etrosses and displacements in terms cf these 
two functions and the elastic moduli. But if theelastic eonstants are introduced instead 
of the elastic modulii the expressions for {he strésses and displacements become much 


moro simple than those given by Elliott. A. 
" UT EN Š e 


1. We introduce cylindrical co-ordinates r, 0, with the z-axis paral'el to the axis 
of symmetry ab each point of the tranversely isotropic material and coinciding With the 
axis of the cylinder. In a symmetrical deformution about the axis of 2 we assume 


u = u(r, z), v=0, w == w(r, 2) (1) 


2—1985P—4 
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The strain components in cylindrica! co-ordinates are (Love, ibil , p. 56) 


mo aou ocu OU (2) 
os, = By 1°08 7 Ens os 
gy e O3 4, OU Cos = 65 7:0 


The strain energy function for a transversely isotropic material can be written as 
W = hey, (Crp? + eo) + 10,5655 + C1 (Cre + Co0)Cs3 t Craerrloe HCC + dcus + deseo (9) 
where 0,5 = 04; — 2 gq. 


''he stress components in cylindrical co-ordinates are then 


S ou u Ow 
Tr = Cng t: 7 tO as 
gw 
60 = c, Oa — tis s (4) 
c Cw 


CES E e»), bs = r$ = 0 


The stress equations of equilibrium are (Love, ibid. p. 90) 
oF 199 9-8 _ 
ott 067 r7 = 
ars 1 060 062 276 


a FZ AR Tt Ar 


a tr t ot +, TO (5) 


: Ora 1 803 Gaz ar 
“Sh = om 


or r 00 ae m 


Substituting from (4) in (5) we see that the second of tha equations (5) is identi- 
cally satisfied and the other two reduce to 





1 1 v 
SEXE D tO toga = 0 " 
13u Fw 1 3w ) Fw _ 
(e; to S2 + | ee Sri + T er t C33 L^ = 0 (7) 
Assuming that 

9e 9e 

==, = kao 
Or a (8) 
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we see that (6) and (7) are satisfied if 





Bp 18 e 

Ci, 3r + 2 t fosa t kleis t Caa) = =0 (9) 
2 2 

TET re Se + 199) 4 koss a = (10) 


A non-trivial solution of these equations exists only when (9) and (10) are identical, 
i.e., when 





Cay they, cuu) hess ? 
= = yt a (11 
Cu (Cig Caa) t ket v" (say) 


Eliminating k between these equations we see that v? satisfies the equation 
©1048 + [015 (C13 + 2044) — 041053]? 05404, = O (12). 
If v,” and v,” be the roots of this equation and if 9, and 9, satisfy the equations 


1 1 » 
Vie tv, ot = 0, ve, tw, ES =0 (495° 


they also satisfy the equations (9) and (10). 


In terms of 9, and 9, the displacements and stresses are given by 











u= x 4 Ot (14) 
w= k, St +h, Ss (15) 
m=- tau=ta (99 + 2n )- eft exo tre aeo 22] (1n) 
00 = uta (2 + $8). [06s pas + (K,0,4 7 v,10,,) 22] (17) 
83 (los veu) FE + (fuss vts pea (18) 
"s a [a +4) S34 ek) 2x] l | (19) 
ĝa = ró =0 (20) 


where k, and k, are the values of k corresponding to the values v, and v, of v. 


The formulae for displacement and stresses are analogous to Elliott’s formulae (2744) 
to (2°4°8) and to Shield's (1951) formulae (24). . 
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2. The roots v,? and v,? of the equation (12) for v* ara either real or conjugate 
imaginaries. Both the cases appear in practical application. For magnesium the roots 
are real and for zine they are conjugate imaginaries, Thus we see from (11) that k, and 
k, are either real or conjugate imaginaries It is seen from the equations (14) to (20) that 
for the displacements and stresses to be real the functions 9, and 9, must be either real of 
cotijugate imaginary. This assumption is consistent with the equations (18). From the 
form of the solution which will be used in the next section it will be seen that in the appli- 
cátiot: of the above formulae v,? and v,* must be positive when they are real: When vj? 
and v," are real positive we will take v, and v, to be positive and when v,? and v, are 
conjugate imaginaries we will assume the real parts of v, and v, to be positive. 

UR 

8. Let us consider an infinite cylinder of radius r with its axis along the axis 
of z, the material of the oylinder being transversely isotropic with the axis of symmetry 
parallel to the z-axis. Let a band of the cylindrical surface bounded by a = +h be 

* acted upon by a uniform normal thrust P then we have, when r = a, 


Va 2 > a 


rr=—P, when Íz[«h (21) 
7r=0, when |si<h (22) 
ro=72=0 when r=a 


We see that 
Pı = I, (vàr) cos As, pa = I,(v,Ar) cos As (23) 


satisfy the equations (13), where I, is the modified Bessei's function of the first kind of 
order zero, 


As a solution of the problem we! assume 


Qc f 4021620 cos Azd - (24) 
0 

-— e, = | B(AM,(v,Ar) cos AzdA ' (85) 
J 


, Substituting in (14) to (19) and using [Whittaker and Watson, — p. 878] 
*F(2) = I,(2) 


we pet the displacements and stresses as 
a5 
us I [v AAI (o Ar) +¥gB(A)I,(v,Ar)]A cos AedA . (26) 
ro : 


toe fL RAAI AT) +k BA (GT)]A sinAadA '27) 


0 
bd ae mus o ae . 3 | 
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TE Wav) Sv, BOOT, Wan Nebe INFE ^ [1+ k JAA) Ar) 
0 
T(E)JB(M,vAr]A'eosAsdA — (28) 
68 = y f [v A(A)I,(v,Ar) + va B(A) (vaAT)]A cos AzdA 
fo 
-fu k 055 — ViCi a JAAM (vAr) Hlk Css vaa) B(A) (vàr) JA? cos AzdA (29) 
0 
zz = = L(A, Ea ears ee 13) B(A)I,(vgAr) JA? cos A2dÀ (80) 
diete Í [+k n AA Ar) + (L+ vB QUIT, (Ar) JA? sin AzdA (31) 


0 


Since rz — 0 when r=a_ wehave 


AQ) = ZBA) = c(A) sa (82 
(L+ kavalia) (1+ k,)v,1,(v,Aa) (A) say ) 

In order that the displacements and stresses may be real we see that c(A) is purely 
imaginary. On the boundary r = a, rr is given by (21). By Fourier's Integral theorem 
we have 





o i. 
(rr). = — 2P f sin Àh cos Az a) (83) 
= 0 
From (28) and (83) we get 
nnn [v,A(A)I,(v,Aa)  v4B (1, (v,Aa) JA + e [(L +k, ) A) Lo (v, Aa) 
+(1+h,)B(A)E,(v,Aa)]\? 
—_ 2P sinAh 
e dir (84) 
Substituting from (82) we get t 
e| ns (k, hg) (Cr, — 0,34, 0,A2) (v,Aa) + 44(L+ RE) + Fs) fv lv Aa) (v,Aa) 
iu 
Lisa) vaa)] =— 2. Sua (36) 


This equation determines c(A) and then A(A) and B(A) are known from (82). 
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E. For approximate evaluation of the integrals appearing in the equations (26) to 
(81) in the solution of the problem we split up the interval of integration into two parts 
(0, a) and (a, oo), where a is a suitably large number. In the interval (a, co) we replace 
I, and I, by their asymptotic expansions and calculate the integrals in this range. In the 
interval (0, a) the integrals are calculated by Filon’s method (1928). 


B. Ifinstead of a solid circular cylinder we have an infinite solid with a cylindrical 
hole of circular section and if the material of the solid possesses transverse isotropy with 
the axis of symmetry parallel to the axis of the hole we have to satisfy in addition to the 
conditions mentioned in sections 2 and 8 the condition that the displacements and the 
stresses tend to zero as r tends to infinity. The modified Bessel’s functions of the first 
kind are not suitable for this purpose and we introduce the modified: Bessel’s functions 
of the second kind as these functions tend to zero at infinity when the real part of the 
argument of the function is positive, The modified Bessel's function used here is 
"hat given by Whittaker and Watson (1927, p. 878). 


The dieplacements and stresses in the case of the hole is given by 


= f iato ea +v,B(A)K,(v,Ar)]A cos AadA 
0 


w-- f [k AAE, (Ar) + ka BAJE s, Ar)]A sin Aada 
Q 


rr=— oa 13 [,AQ) K (vAr) +, B(A)K, (Ar) JA cos Md ros 
o 


f: [41,4 QE, Ar) + (1+ ka) B) (var) ]A* cos AedA 
0 


$0 = Cuter T [v 40) K (v ÀT) + v,B(A)K, (v,Ar) JA cos Azdà 


T 


0 
* s = vC 1a) AQ)R (vAr) + (kass — va C13) B() Ks (v;Ar) |A*cos Asda 
0 


82 =- [t Csa 7 Vi 0,,) AD) K,(v,Ar) + (sess —v3'e,,) B) K (vàr) ]ÀA* cosradr 


ars ou f [(1+k,)v,A(A)K,‘v,Ar) + (1 +k) va B(A)K (vAr) JA? sin AadA 


o be yh T km 


e T S 
where (tkv Kiv) (Ltk, w, K,(v,Aa) c(X) NET 
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and c(A) ul (— k)(e,, vt €,3) K ,(v,Aa) K,(v,Aa) t e, (L4 k)( +k) [v Ko (v, Aa) K,(v,Aa) 
a 





AK), (eaa) ] UST ar sin Mt 


In conclusion I offer my sincere thanks to Dr. S. Ghosh of University Science 
College fcr his help in the preparation of this paper. 
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ON THE DISTRIBUTION OF STRESS IN A HOLLOW 
AEOLOTROPIC CYLINDER BY A LOCALISED 
SHEAR ON A BOUNDARY 


Bv 


J. G, Cuarravorty, Calcutta 
(Communicated by Dr 9. Ghosh—Received August. 12, 1955). 
The solutions of the problems of clastic distortions of an isotropic cylinder and of 


an infinite isotropic body with a cylindrical hole due to a localised uniform pressure or a 
localised uniform shear have been given by Rankin (1044), Tranter (1040) and Das (1958). 


The present author (1955) has solved the problem of stress distribution in a transver- . 


gely isotropic cylinder and m an infinite transversely isotropic body with a cylindrical hole 
due to the action of a band of uniform pressure on the boundary In the present paper 
the stress distribution in an neolotropie cylindrical shell, finite or infinite, is determined 
when uniform shear in planes perpendicular to the axis acts on a band of a boundary. 
The material of the cylinder is assumed io possess cylindrical aeolotropy in the most 
general sense. Transverse isotropy with axis of. symmetry parallel to the z-axis and 
ordinary oylindireal aeolotropy are particular cases of the general cylindrical aeolotropy. 


1. We take the z-axis along the axis of the cylindrical shell and use cylindrical 
co-ordinates r, 6,3. We assume that the material of the cylinder possesses cylindrical 
aeolotropy in the most general sense, that is, it possesses three planos of symmetry at 
each point perpendicular to the directions ofr, 6,2. The stram energy function of such 
a material can be written as 


2 2 2 EE 2 2 
W = 30116," $03,655 3055€ gs H C3 000€ pa + Cy Basle C10 rrO 09 T 304,00, + BCgs8, + 3Coc8,5 (1) 


The stress components are given by 
~ 
TT = C116 er t C3099 + C150; 
00 = CiaGrr t C33609 + "556g; 
'—, 
88 = Cis8rp + Ca3600 + Caabrs | 


— ~ e 
Og = Casbas, ZT = Cssêer, TO = Cage rg. 


The components of strain are given by (Love, p. 58) 


Cu 19v u Qu 
Er = —, 686 = -> t - eg = 0, 
0 TC Tues 02 
1 ðw ev ðu Sw 
Ca = = AA Te Cz = Pu (3) 
T! 00 Oz oz Qr 
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é _ w 41 
er == = 
Or r * 98 


When the shell is acted upon by shenring stress perpendicular to the axis of the 


shell on a band over a boundary we assume 
u=0, v—v(r2z), w=0 
Then from (3) and (4) we get 


Err = Cog = Cr = ên = 0 


The stress equations of equilibrium are (Love, p. 90) 
Om 1 3r om mò 
art 7 06 ae > 





Grd 1 000 obe 20 — 
;90 797p > 
ao tr 906 * Gg ^r 


Two of these equations are satisfied by (6) and the third reduces to 





atv lev v» | c, Qv. 


er ror 7 Cg, Oz? 
A solution of (8) independent of z is 
v= Ar B. 
. ` T 
Let us seek a solution of the typo 
v = Ve 


where F is a function of 7 alone. 


The equation (8) reduces in this case to 


SY iar pco dos d 
Gf OF «Io 4p =0 


= 0 


(4) 


(5) 


(6; 


(7) 


(10) 
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where E= Sea (12) 
Cos 
A solution of (11) is 
V = AI,(or) + Bk, (or) (18) 


where I, and K, are modified Bessel's functions of order one of the first and second kinds 
respectively as defined by Whittaker and Watson (p. 878). 


When the cylinder is finite and buunded by the planes # = +L and the plane faces 
are free from tractions we have 


a) 


gom cus =0 when s=4L (14) 


To satisfy this condition we assume 


v — V cos ka (15) ` 
where k = nz[L (16) 
These give e= nz[l (17) 
where l = L(e,s fc, 


For the solution of our problem we assume 


v = (Ayr+B,/1)+ > [Awl [ (nar) +B,K,(nar/l)] cos (nz2] L) (18) 


This gives 
Fô = Cel - 2B, r? E 24 aL /D)I', (nar/l) — (1/r)I,(ner/l) + Bs [(nz/ÜK",(nar]l) 


— (1/r) E,(nar[0) ]] eos (nzz/ L)] (19) 
where the dashes denote diflerentiation with respect to the argument. 
Using the relation [Whittaker and Watson, p. 878] 


she) a7 Lo) i20) 


we have TÓ- -22 aL +e S foe] DEAs ner] B K gi cos (nzz/ L) (21) 


2, Ifaband of the inner surface r= a bounded by s — +h be acted upon by a 
uniform tangential traction S we have 


rÜ - —S when la| «hh (22) 
- 76=0 when [ei>h (28) 


.174 : Ja d, CHAKRAVORTY 


Expanding this boundary value of 76 in a Fourier's Series of cosines of multiples of 


nz2/L and equating with the value of 78 on r =a as obtained from (21) we get 














Sah 
= 4 
B, 2c, L (24) 
and for n>1 
280]  . 
Asl, (nza[l) -- B,KE,(nza[l)  — ———- sin (nah [L) (25) 
"Vm Cas 
If the boundary r = b be fixed then 
Sa*h 
beu 26 
£ 9c, Lb? (20) 
: and for nz» 1 
AJ (e )+ Bak, =) = 0 (27) 
From (25) and (27) we get 
E Ay pan -By 
K (nnb?) I,(nzb]l) 
280 . 
RT sin (nzh[ L) 
7 T(nxb D) K,(nza/l) — I,(nza] DK (arb) n9 
Hence 
cu CBE. E 
v= Ibo, (r — 5? [7) 








Se 380 Lnsb[DR, mar]l) — L(nnr]l)K (nnd fl). 
D Tits] DA 22 [1 1: ca UR Gab 76] TE 608 re Ee (Q9) 


ao] 


bs 2 
59 8ER 


Lr’ 





_ S28 1, (nnb/)K,(nat/i) Ln] 0) nnb 1) 
C, nn Lnsb[DK mraji) -Ilara fiK, (arb) ^^ ehl cosines L 180) 
3. By making b tehd to infinity we get the case ofa cylindrical hole r — a in 


an infinite transversely isotropic solid subjected to a uniform shear S over a.band 
—h <z < h of the hole, 


Now when b—»eco } 
K,(nzb/)-0 and I,(nmb[I-—eo 
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2Sl sin (nah [L) 


80 that À,20 and B,—- >t sin rh) 
"RA s £ n*z* c, Ks (nza[ L) 


We have, therefore, in this case 


Sa*h . 1 
2Lce,, T` 





P a Ese sin (nz L) cos (nra fT) 





~ TY asl Kjmar[l) 


mc Rari “gin (nzh/ L) cos (nzz[L) 
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(81) 


(32) 


When the medium in solia the problem has been solved by Das and our formula 
(32) agrees with the equation (277) of his paper except for a diffence of sign in the second 
term. This is due to his taking a definition of K function different from that of Whittaker 


and Watson. 


A. Let us next consider the case of an infinite cylindrical snell acting upon by a 


uniform shear S perpendicular to the axis of a band of the inner boundary. 


In this case we assume 


2 ve f [AI ctr) + BOOK, («tr)] cos zt dt 
0 


where ; a? = C45] Coo 


l From (11), (18) and (15) it is seen that v satisfies the equation (8). - 


Caleulating 76 as before we get 


TÒ = Cosa f t4 B(t) K,(atr)]eos et dt 
0 


Let on the boundary r = a 


70 — —S when {a|<h 
16 —0 when |s|[2h 
By Fourier's Integral Theorem we have 


(Brea = — 28 ] gun di 


(33) 


(84) 


(85) 
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Comparing the values of 79 on r=a as given by (84) with that of (85) we get 





c tA) (ata) + B(t)K,(ata)] =— 28 = H (86) 


If we assume that the outer boundary r= b is fixed then v =O when r= b 
and we have 


A(t) - —-Bi) — 928 sin ht 
K,(atb)  I,(a«tb) | waeggt? I,(atb) K, (ata) —I, (ata) K,(atb) 





a8" 1,(atb)K (atr) —I,(atr)K,(atb) sin ht cos at di 


Hense “Wer o Itb) Kata) — I, (ata) K (etb) p 





fà 28 ? 1 (atb)K (atr) —I,(atr)K (atb) sin ht cos zt dt 
m J 1,(atb)K,(atb) —1,(ata)K ,(atb) t 





B. If we make b-»co we get the case of an infinite colid with a cylindrical hole 
acted upon by a band of uniform shear on the hole, 


28. K (atr) sin ht cos at ay 


Weh =- st LEE 
yes 5T mw J Hola) P 
ae _ 28 JE sin ht cos atit, 
K,(ta) t 


The corresponding formulae for isotropic material have been given by Das and our 
formulae agree with the formula (4°5) of Das except for a difference in sign. This is, as 
has been mentioned before, due to a definition of K function different from that given 
by Whittaker and Watson. 


Lastly I must thank Dr. S. Ghosh of University Science College for his help in 
preparing this paper. 
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A THEOREM INVOLVING GENERALISED LAPLACE 
INTEGRAL 


By 
B. R. Bnowsrz. Jabalpur, M. P. 
(Communicated by Dr. N. G. Shabde—Received March 18, 1955) 
1. The object of this paper is to obtain a theorem which involves Laplace and 
Generalised Laplace Integrals. The Generalised Laplace Integral is given by Dr. R. 8. 


Varma (1051). One of the theorems stated by N. A, Shastr: (1944) comes out as a 
particular case of the theorem stated in this paper. 


2. Theorem. If 


y(p) = p f e-v*f(z)da: (2'1) 
o 
m- 1 = — ytt "m-zrl . 
and x a ee iev(zu)m - Y W, ,(zu)g(u)du, (272) 
then y(p) = 2p* +t f u™ Kos (2(up)?)o (u)du | (2:8) 
0 


provided R(p)>0, R(u+1)>0 and RQm+u+1)>0 where e(u) = O(u») for 
small u, and the integral in (2:8) ia absolutely convergent. 


Proof. Substituting the value of f(z) in (2'1) from (2:2) we get 


y(p) = p f e7r[o-* f wm to HS, mu] 9( du |da (2'4y 
0 0 
On changing the order of integration in (2:4) 
We) = | wrmto(a)[p | o7mectocihe tula an 
0 0 


Now using the operational representation due to Goldstein (1982) 
67 IW, mla [23e 2a p Kos (9 (ap)t) R(a) > 0, R(p) L0 f (2:5) 


we at once obtain the result (2:8). : = el aS 


The change in the order of integration is justified when the conditions Slated in ihe 
theorem ‘are salisfied, i 


3. ` Corollary. In the above theorem pub k =—m+ł}4 and ncs then we 
obtain the theorem stated by N. A. Shastri (1944): 
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If ¥(p) + f(z) 
TEN 
and az ) +e, - 2e 
then yip) = 2pie*1 J "tek (2(pt)s)olt)at 
0 


provided | R(p) 220, e(t) is bounded and integrable and 


é 
J | e(t) | dt 
0 


8 convergent, 
4. Ezample L. Let glu) = PP), where Pu) denotes Jacobi's poly- 
i nomial, then due to Saksena (1952, p. 204) 
: L) DX 1 (^) n» DOmcveDTGo-1) 
m-ktyf( 2) = a S a 
* (4 2r v a Des Dim -k+v+3/2) 


—ntv,ntatB+vtel 
Sf ad ee 
where R(Qm+1)>0, R(x) >0. 


Hence, after obtaining ¥(p) on term by term interpretation, we get 


zi "Ka, opi»? dicm 1 5 (7) er 
a 2m(2(up)t) P> (u)du TP S SC = (n « 8-1), 


x (av D, (2m 4v 1T (v1) aI T INPS. i 
y 


where RQm+i1)>0, R(p 20 and R(ve-mc-k-3)7 0. (472) 
Since prot) is a very general type of function, the result obtained in this example 


is of very general nature. 


Ezample 2. Let ¢(u) = J,(2ant)J,(2aut) then due to Saksena (1952, p. 206) 





zu 1 ) " aft Pac dv DE (Gut dv 2m 0) 
x rte Dn IDo T1) (GG tv) +m —-k +3) 


iG v) +1, 8( 9 v) 4 1, Macr) 42m 1, (v D). _ 4) (4'3) 
z 


x Fi a E 
B+lvtl,ptvtl, dutvyt+m—h+g 


where R(&(u tv) +1) > 0, R(&(p v) 2m 4 1) — 0, R(x) > 0. 
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Hence, after obtaining ¥(p) on term by term interpretation, we get 


a&t'T'(&(u-- v) + D a(n - v) - 9m - 1) 


bt m : i * Ydu- 
apti f ws (2up)3)7, Quid anA = TET enor iy 


0 


Huts) +1, 8) H1, (ob) 2m 1, gute) — ie] 
"t P. 








F [ 
Xats ptl, vtl u+v+1 s 
where R((u v 4-1)20, BR a(u+v)+2m+1)>0, 
R(p) > 4a? and R(m-k-ci(utvc3) 0. 
Ezample 3. Let 9(u) = u”, then using Goldstein’s integral (1982) 
een 1) _ T(n--2m * 1) (n4 1) 1 
x Tint m—k+8/2) z^ 
where R(n+2m+1)>0, R(nt1)20. 
int+2m+1)0in+1 
Also y(p) = Au ee 
) 
Rp) 0, R(n+2m+1)>0, R(n--1) 22 0 and R(n&m-kr8)2 0. 
e 
Tenes f un^ Eos (Q(up)i)du = I'in t 2m Y 1)(n * 1) 
gprtmii 
0 
R(p) 0, R(nt+2m+i1)>0 and R(nt1)—0. 
Now on substituting 2(up)* = t, m = 4v and n = &(u—v) — 1, we get 
[ionan R) 
^ 
Race) 0 and Rüa-i)-0. ' (48) 
-a result given in Watson's Bessel Functions (1952, p. 388). 
Example 4, Let glu) = e-*ur 
then due to C, B. Rathie (1952, p. 282) 
T H T(v - 1) (v4 2m 4 1) ( 1) 
m-htif( = Él lc Sans > om 
ii (i) T(v4m-k43)a* iP v4 l,vt2m+l;v+mk+ġ; x 
R()-1 and R(vt2m)-1. (4:0) 
Now using the integral of C. 8. Meijer (1939) 
Wr ale) = mcm] e-te-i Fio m, i-k-mie;- Dat 
R(c) > 0, larg 4| « r, 20. (47) 


4—1935P—4 
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T'(v-- 1)E(v-- 2m +1) 


btai " y) = 
we obtain y(r) pt 


exPW ., ua m (D) 





o 
= apt f ut e-*Ko,(2(up)t)du 
0 
which finally gives 


1 


Tv-kt (48) 





gam Ko, (Dai) & (v + Ev + 2m  1)W Lm o( 2 You 
| p p" 


where i R(v--1)2» 0, R(v--2m 4 1) 7 0, 
R(p)>0 and Rv+m—-k+gi>0. 
This result is otherwise given by Shastri (1944).__ 
Example 5. Let ofu) = wl Play, 04,....- & Bue Bs; +u) 
then due to Rathie (1952) ; 


= 1 Ty) Dv + 2m) ( COPAS ar, V, VE 2m 1 ) 
mekt — ) = es E F : ; i). 
: (1) ~ Tov*m-ktdr3i17 "Ng, Ba vt mk +d t1 


Riv) > 0, R(v*2m)20, Rip) 220 when r<s; if r=8 then R(p) > 1. 


Hence, after obtaining (p) on term by interpretation, we get 


o . 
zprtm Í m+»-1K„(2(up)t P(o ud 7 £u 
TOT 2n) J” BOUDET p s ^ 


Gate ae 1 f 
m d > +1) - (£9) 


Rw+m-k+4)>0, Rtyz» 0, dns p and r+2<8; when r1 s, 
then R(p)- 1. This:result is given by S. Sinha (1944, p. 28) 


My thanks are due io Dr, N. G. Shabde for his help and guidance during the 
preparation of this paper, and-to Principal S. P. Chakravarti for the encouragement and 
facilities he gave me. 
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STRESS DISTRIBUTION IN A THIN PARABOLIC PLATE 
DUE TO A CONCENTRATED FORCE AT THE FOCUS* 


By 


GuNADHAR Panis, Kharagpur, India. 


(Recerved—August 5, 1955.) 


Summary, The stresses in a thin plate of elastic material with a parabolic 
boundary, due io à concentrated force acting atthe focus parallel to the axis of the 
parabola, have been found by the method of superposition. A method of determining 
the stresses directly without the help of the stress function or the stress potential has 
been found very helpful. The displacements are found by the use of complex variable. 
Numerical values of th: edge-stress have also been considered. 


1. Introduction. The problem of a semi-infinite elastic solid with a plane boun- 
dary which is commonly known as the ‘‘problem of Boussinesq and Cerruti" has been 
the object of numerous researches, The natural extension of this problem is that in 
which the plane boundary is replaced by a curved one. ‘Tho case of a parabolic boundary 
is of some practical importance Conrad (1919), by the use of complex potential, cal- 
culated the stresses and displacements in a parabolic cylinder due to the hydrostatic 
pressure on the boundary, taking the problem as one of plane strain. Tiffen (1952) 
reduced the parabolic boundary toa straight boundary by the conformal mapping, It 
was shown by the author (Paria, 1952) that the stresses in similar cases can be directly 
oblaind by a method which will be used in this paper also, In all these cases, either the 
surface tractions or the surface displacements were prescribed on a cerlain region hear 
the vertex of the parabolic boundary. Here we prcpose to find the stresses and di&plaóe- 
ments when a nucleus of strain ofa ceitain type acts at a point inside the body, e. g. m 
a concentrated force acting at the focus parallel to the axis of the parabola. 


2. Method of solution. Assuming that the plate is in a state of generalised plane 


stress the average stre:ses g£, £s and an in two-dimensional orthogonal curvilinear co- 
ordinates (£, n) can be expressed as [Ben (1948)] 











Bip, or o9 | O07 aO , £o +P 
h’ Gg en EA Of f ii 
ge 845, 07 09 _ 3r 99 , 49 . p 
ec x hà e£ o£ On Oy + h? a (2) 
8 En _ _ ôr 8© Or 99 í o 
h? Gy GE o£ n 2 3j 





* An abstract of this paper was published in the Proc, Ind. Sei. Cong. Ascoe., 1955. 
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where 17 = 2*4 y*, "m y) being the cartesian co-ordinates, wn (2 «(8 and 
© = az yy = nae is a plane harmonic function satisfying, 
| vio = [Ee +28] =0 (4) 


1 o£ 3 91 z 








Also, F and G'are two conjugate functions of (¢, 4) such that 
F+iG = f(c+iy), a function of £i 
The stress components ££, m and én are given in terms of re, zy and yy in carte- 


sian co-ordinates by the relations 
| 


& = cos? or gin?ó yy 1 2 sin Ó cos 6 zy (5) 
ny = sin*0 Z4 cos?ð yj —2 sin 6 eos 0 zy (6) 
fn = = —sin 6 cos 0 (zz— yy) + (cos? — sin*0) zy zy (7) 


where 6 is the angle between the normal to the curve € = constant and the z- axis and is 
given by the relations 


Oy e a pOYy _ 409€ ' 
| ong = SE 7 bd MN ^ (8) 

If the stresses ££ and & are prescribed cn the boundary 6 = constant, we assume 
the plane harmonio function © involving cerlain unknown constants and determine the 
‘surfaco value of G from (8), The functions F and G being conjugate to each other, both 
-F and G are known at every point on the plane. Then, from (1), the unknown constants 
in © are determined. Thus the function (9, F and G being known, the stresses are 
known by the relations (1)—(8). 


To find the components of displacements we make use of the complex variable 


(Love, 1952, pp. 214- 5). Since © has already been determined, 4, the dilatation is given 
by the relation ; 
| 


| © = 20+) (9) 


l 
where u is the modulus of rigidity and A' is one of Lamé’s constants as considered in 
generalised plane stress. Also, the dilatation A and rotation w are such that, the 
expression (A--2u)A-F2ip^s iša function of s=a+iy i.e., a function of b = £4 is. 
Since A is known, ^5 is also known. Now, if we introduce anew function L+:M of 
a+ty by means of the equation 


L+iM = J f(A + 94)A + ip o] d(z + iy) (10) 
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the components of displacements (u, v) parallel to the z and y axes are given by 


_ L A’ +u oL 
Ir m Dua’ 9g) ^ By 





(11) 


ads M = Ag „oM 
QA" +2u)  2u(A' *92u)" Əy 





(12) 


We can, of course, add other suitable functions to u and v to make them single- 
valued, 


Ifthe components of stresses are required in cartesian co-ordinates, they can be 
found from the relations (9), (11) and (12) together with the relations 


we = VA +204 (13) 

ex 
— Ov 
yy = NAF 8u (14) 

yy Sy 
y = (GL S) 5 
zy = (Rm (15) 

8. Solution for parabolic Boundary. The transformation 

a=} (16) 
or e+ty (Eri) (16.1) 
gives, z= nt, y = 26 l (17) 
and 1 = £7403, 1/h? = (GL Q9? (18) 


It is easily seen that £= a (a constant) gives a parabola having x-axis as the axis 
ofthe parabola, vertex at z = a*, y — 0, focus at z = y — 0 and the concavity turned 
towards the negetive direction of the z axis. (Fig. 2) 


If we suppose that the plate extends to infinity in all directions, the stress compo- 
nents due to a concentrated force P acting at the origin parallel to lhe z-axis in the posi- 
tive direction are given by (Love, loc. cit., p. 209, with changed notation) 


m= galoa Y] » 
zy, =—© Ul 1-25) + =| (21) 
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(22) 


and Q =- = 
n(l—o) 


In (å, 9) co ordinates, these stress camponents can be written as, using the 
relations (5)-(7), 








^ri 9 3£* + 9* *4 Wr 

£6, 2 4 Lets am 3] (23) 
&rx39w _ Qe - 

Ta xd 2&2 28. £v ;] (24) 

x R ££ -3?) 5 

6m = 3 V cr (25) 


On f=4 


(CElem. = - Of Satta 20, 


I Lo Qa nlan?) 
(£n)r -« 2 (a) 
which can be expressed in the integral form as, 


(eden. = ed (m*«* + ma 4-8 — 4o )e-"* cos mrdm (20) 


(Eq ema = g Í m(ma — 1)e7"* gin mndm | (27) 
0 


In order to cancel the stresses (26) and (27) on the boundary, a second stress system 


ba Ts and £n, is to be superposed in such a manner that on £ = a 


(Celene = - (EE ewe (28) 
(Enema =~ (ne. (29) 


To find the second syetem, we asgume, as a solution of the equations (1)—(8), 
tb 
z A(m)e"* cos madin (80) 
0 


where A(m) is a function of m. 


Substituting in (8) and using the value of (Ene. from (29) and (27), we have. 


(Gc, = -4 f (2? + S3) mAe"'*(4 cos n — a sin ma)dm (81) 
0 
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The above value of G will be satisfied if we take 
F+iG =4 Í ta- Q*mAe"tdm —4Q J tQa-i)jm(ma-1)e-"Gs-Ddm (82) 
0 0 


Hence, eo 
(F)-. = if (a? + y7})mAc*( cos t» + nsin mndm —4Q x 
0 


o 
x Í (2° + 5*)m(ma. — 1)e - "* cosmymd (88) 
0 
The relation (1) is satisfied for £ = « with the values of (euer ©, and (F);-. 
a8 given by (28), (80) and (83) respectively, provided, 


A(m) = M 48 —40)e-2n« (84) 


Substitution of the value of A(m) from (84) in (80) gives, after integration, 








E Q £g. dat (£^? — By?) x E 
®©: da g? l (£^ +73)? +8 4c | (35) 
where E = Q4-€ (86) 
(a Qc da? da T , 
Also, from (92) end (84), F+i = ds anl 18S |: (82:1) 


^ie values of (9,, F and G being known from (82) and (85) the stress components 
éa, Da and B ean be calculated irom the relations (1)—(8). The complete stress 
components č, AN 1» and Èn are then given by 
££ = Efi tels, eto. 
In the present discussion, we shall calculate the actual values of the stress 
components in cartesian co-ordinates by the method already pointed out. 
%. Determination of displacements. Corresponding to the superposed stress 


system fe T» and £n», lel u, and v, be the components of displacements parallel to 
the æ and y axes and A, and w, be the dilatation and rotation. "Then, from (9) and (80), 


(V 20)A, = E f A(m)e"€ cos mndm (87) 

DA A29 x 
x K= = ]-— B8 
where B p) c (88) 


Since (1’+2p)A,+2inw, isa function of 2=atiy te. of C=+in, the 
relation (87) will be. satisfied ff 


Q 9p) As Sip, = K f Almjertdm (39) 
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Substituting the value of Aim) from (54) and evaluating the integral and 
remembering that z = &* we get 





j .  _ KQY 4a? 8—4o ; 
( £29) As + ine, = 5 (aot $e (89:1) 


The relation (10) gives 








yy  KQ [ 4a? (et — a) ee 
L,+iM,= TS | us — (8 — 4c iei + 2a log (2 21 (40) 
Hence, 
_ EQ 4 (e£ E TI 
L,= 58 las rer «gt (8 4j2s =E +a log (£9) (41) 





Ma x: [Aen oe, -i]- 6-42) fn- 2a ton] 


From (11) and (12) 





isu, = AE [25 da? ES ed |-g]- (8 —4c)(2« — £' + a log (£^ + 9”) | 


£x (p 397) i (8-47) | (42) 


taal 5 (£? 4 aja 


ty, = aa- [ ee laa Tf | (Ge 40) fa- Pant ] 





£u JALE- icis] as 
pl (£2 +97)? ix s) um 


The components of displacement (u,, v,) corresponding to the stress system zu, ys 


and zy, are given by Love (loc. cit., p. 209, with changed notation) 


l qu =-[6- 4o) log re; | 
(44) 
Bu, y. 
Qu. 


Hence the components of total displacement (u, v) are given by 


U =U tU, V — UU, 


B. Determination of the stresses, From (9) and (85), we have, 


a Q E EE 
os aaa (Et iiS -4e | t 
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The relation (11) gives 
Qu, _ 1 ƏM 1 „©@M 


Lm YH iy 4 
æ= Os On Oy E DP (o) 
From (18) and (15) with the help of (41), or, (40) 


877 = 2€ 423(£/3 — 8?) cd 
97 Pd Crap 7 ] 





-n 1 DC NN AR 
(2«— EN Hn? Presione! e( EVE 4 ) 





- (C'est —06%)} + B45) 26 Oa 6) (£^ (47) 


1 


Be _ on [4 GI-8E) gp oy 
ou [ 6-4] Game ya? EE 


T Pal ey 
124? A V uA Bea, 9 12/808 8 
[nis Oa EE + nt ette tnn 


+ E-A ENET) 228] (48) 


Also, We = Oa- ata (49j 
where (9, is given by (85) 


— 


The complete stress systems zz, zy, yy are given by TEE IT, + GE, ete. 


6. Caloulation of the edge stress. From (23) and (24), 











» — — M 7? 
Qi £C qm MEE GETE 
H z N eJ E faele) e s 1-3 =] 0 
ue OE NSO dal em Quam o foe | O0 
On the edge f= 4, . 
~ _ Q[ 2(*— 6325 +n! ej 
nesa = (Oja = Al (a4 + 77)? "aa? 
If we put m — at (51) 
The above relation reduces to 
E DR. pee 8—4c ] BO 
(nn)e = a 4g^ (1+ t2)? + 1+t? ( ) 
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In the particular case if we take o = } ie., o = s the relation (52) together with 
(22) gives 
x 


iu 0 (53) 


(qn)e- . = 
21(1 +t) — 884? 


where It) = ase 


(54) 
The values of I(t) for different values of t are given in Table I while the continuous 
curve in Figure I gaves the graphical representation of I(t). 


7. Comparison with the straight boundary. We draw the tangent at the vertex 
of the parabola (Fig. 2). Let P’ be a point on the tangent line corresponding to a point 
P on the parabola, ' If the plate were semi-infinite with the tangent line as the 
straight boundary, the edge stress due to a concentrated force P will be given by 
Sneddon (1946, p. 412, pn necessary modification), 


i z 2P2* at—oy?/(1—c) 


yy. * Gy (55) 


where yy. denotes tle edge stress on the straight boundary and y is one of the 
co-ordinates of P’. 





If we take f = 92 ‘56) 
in consistency with te relation (51) and i c = } the relation (55) reduces to 
yy. = s (0) (57) 
np 82(1— 2) : 
where | a (t) 7rd (58) 


The values of 1’(t) for different values of t are given in Table T, while the broken 
line in Fig. I, gives the graphical representation of I’(t). 


It may be noticed that I(t) is less than V(t) for the values of t ranging from 0'0- 
to 0'4 approximately, while between the range 0'4 and 1°0, the former is greater than 
the latter. At t= 1" O, I'(t) takes the zero value, reaches the minimum at t = 1'5 and 
then increases and tends to zero. But I(t) has a minimum when t is slightly greater 
than 0'8, has a maximum at t~2°5 and üben lends to zero, retaining its posilive value 
throughout the mna range. . 


l TABLE—I. 
t 0'0 01 02 08 0'4 045 05 0*6 
I) 210 2001 1784 1870 990 8204 . 656 899 
V(t) 3820 2929 2283 15°74 9:99 790 G00 8-44 
t v8 T rë 20 3:0 4°0 5'0 
Ii) 120 050:  — 164 188 0'97 0°69 
V(t) 0°91 070 —040  —038  —Q919  —011 008 
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8. Stress components in curvilinear co-ordinates. From (82:1) by sbperating 
real and imaginary parts, we get i 





j 7. an) 4a(££' — Ty 3) s F Á 59 
P= Srt atea 26e E eaae] (59) 

= Qn [ 4487 anh + 266) EFE) 60 
a=] uon E + ETE- -4 | (60) 


Then, from (1)—(8) with the help of (85), (59) and (60), we have, 


TE i AE 
UA! f= (£^? tn 


horn *) + (8—4) (Et s +H 

+ (E* 87) (^ s) * [4208 (£2 n) - 26/7} + 4 (££ — n?) (E? + 92) 

+ (8—4c)&(£7 +73)?] . (61) 
B2a x j 


g Ena = nEn) [26€ {24a (£? 92) +8 —4c)(£? + n?) — 1122 (£^ + 44 — 6887) 


qae 8n) +B 4n x) - (C7 vt ADE nA tw) 


+ (8—4c) Eni (£? + 8*)] — (E HHE 3 4-5) ae — 9? + 2££) 
+4olE+ ENE? s) - (8-40) E? 4 P]. (6) 


— ££ (63) 
In conclusion, I thank Dr. B. R, Seth for his kind suggestion of the problem. 
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A GENERALIZATION OF THE RIEMANN-LEBESGUE 
THEOREM 


By 
L. C, Hsv, Chang-Chun, China 


(Communicated by the Secretary— Received Nevember 1, 1964, Revised February 4 and May 9, 1955) 


1. A theorem and its extended form. A principal result contamed in this paper 
is the following 


Theorem. Let K(x, y) be bounded measurable on the plane region — oo«z«oo, 
Oxy<w and be periodic with period winy Let K (a, Az, be measurable on (—oo, co) 
forall large A. Then for any f(x) € L(—oo, oo), we have 


A+@ 


un f (OKGadde at fie dz f K(z, y) dy. (1) 
4 -—o 0. 


It is clear that this result involves the following Reimann-Lebesgue theorem 
[Kestelman (1937), p. 169] as a particular case : If (x) 1s bounded measurable over 
(~c, œ) and ij there is a positive constant 8 such that o(x+8) =—9(x) for every æ in 
(~, co), then for any f(x) € L(—eo, co) we have 


lim f Hela) dz = 0. (2) 
Ata a 


In fact, this is easily deduced from our theorem by taking K(x, y) = e(y) and w = 28 
so that 


w 3 25 
f K(x, y) dy = f e(y) dy+ f (y) dy = 0. 
0 0 ô 


The theorem may also be stated in a more general form, Lebus denote 


(z) = (24... n) (Ax) = (Afis ..., Anta), d'a) = d(z,, ..., 24), 
(0) = (0, ve, 0), (co) £x (Oy sca, eo). 


kd (w) Le on 
Similarly, we shall use the abbreviation f * for the symbol Í al of tLe n-tuple 
(0) 0 0 


integral. Then the general form of the theorem reads as follows: 

Let H,be the euclidean n-space, Let W be a 2n dimensional domain consisting 
of all pointe (m, ..., 4; Yr, ..., Yn) such that (z) € Rp, Oxzyssos (6 =1,..., n). Let 
K((a), (y); and f((z)) be real-valued functions satisfying the conditions: 


(i) K((z) (y)) is bounded measurable over W and is periodic in each y; with 
period w; (i = 1,2, ..., n). 
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(tt) K((x), (Aw)) is measurable over R, for all large A,, ..., An. 


" f((z)) is summable over Ry. 


“then the following formula is valid 


(2 : 
jim, J feni (e), Q2) de) = Ln a) ae) f K n — 6 
(0) 
where (A)->(co) means that all ,’8 are E T and independently tending to + co. 
The formula (B) can be established without difficulty by means of (1) and by 


appealing io the general, Fubini theorem [McShane (1944), pp. 187-147]. In what 
follows we shall! give a detailed proof of the case n =1. > ^ S 





2. Proof of the theorem. In order to prove our theorem, we shall make use of 
a result due to Maréchal and Wilkins [See Maréchal (1947), Wilkins (1949), Grosswald 
(1951), Brunk and Ewing (1958)]: - 


Lemma. If f(r, 6) is continuous on OSTAR, 092r and is periodic with psriod 
2r in 0, then ` 


Jm 2ra l f(r, 6) da = f = | "f(r, 6) v dr dé, (4) 


0 


where the line integral on the left-hand side is extended over a portion of an archmidean 
spiral included in the circle r= R, vis. 


0: , r=06, (Ozr-—R, 0<0< co). 
Evidently, the left-hand side is of (4) is equivalent to 


" imar f f(r, laet ar) dr = im 2n ff f(r, Ar) r dr. 
By change of variables, r — x, 6 = (2r/-0)y, we may write 
' fX X v 
lih f fila, Az)a da — 1. f dz J fi, y)x dy, (4 bis) 
Eg ono 0 


where filz, y) = f(r, 9), 80 that filz, y)2—0 (x0). 


Suppose that F(z, y) is a continuous function defined on Oxs, O<y<w and is 
periodic with period w in y. Then for any given small number 570, we can choose a 
positive number 8 = (n) <X such that, for all A0, 


. i à ir) 
1 [oda f F(x y)dy 
e ~o 0 


On the region Óc;z—X, O<y<w wo may define f,(z,y) = F(z, y)/z, so thal 
f Az; y) is continuous and bounded over ths region, and moreoves Tiz, y) = fiv, y, 
. Hence (4 bis) implies 


<n , 











t 
f F(z, Ax) dx 
0 





Ka. 


X x š 
'lim Fs, Az) =~. | da | Wa, y) dy. 
w 3 o 


Mte 3 
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A comparison with the preceding two inequalities obviously leads to 








X X o 
lim f F(z, Az) da—1 f de f F(x, y) dy | «2. 
Kreta 0 tg 0 
This i8 equivalent to 
x 
lim] F(z, Awdz = lf [n F(a, y) dy. (4)’ 
Ao. s 


More generally, if H(z, y) is bounded and continuous on Ozy«e and is periodic 
with period » in y, if g(x) is a continuous function, absolutely integrable over 0«zz«Zco, 
then we have 


jim i z)H(z, Ay) dz — — | glx) de | H(z, y)dy (5) 
| fom ae 


In fact, since f |g(x)|dae<—oo and* suplH(z,y)| «-- co, we see that the con- 
0 


aco 
vergence of j gH dæ 18 uniform with regard to all A>0, and consequently, 
; 0 


lim lim E dz = lim lim E dg => zy gde f nay 
oo 


A+o Xo +o Ake 0 


The next step is to show that if M is Lebesgue integrable over (0, co) and if 
H(z, y) is defined as before, then 


lim | f(x) H(z, Az) dz = 2| fe dz f en xz, y)d : (6j 


Abo 
0 


Let «70 be freely chosen. Since f(z) can be approximated by a continuous func- 
tion g(x) (absolutely integrable over (0, co)) such that 


f Ife statis 
0 
it follows immediately that 


lim 
À-co 


(f o-se) 
0 


«e «sup | H(z, y) |+ sup 
oO z 





D 1 D T 
f(a) H(z, Ax) dz -— | f(e) de | H(z, y) dy 
| | "M d 


“reef Ha 





< lim 


Ata 








= Ae, 








f H(z, y) dy 
0 


where A is an absolute constant, so that (6) is obtained by letting «0+. 





* Here sup | 1(z, y) | denotes the supremurn of | H(z, y) | on the plane region iz « co, O<y<e 
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By hypothesis of the theorem, K(z, Az) is bounded and measurable on [0, oo) for 
every large fixed A (say AD>A,). Consequently [f(z)K(z, àz) | is integrable over [0, co). 
Let 6>0 be given arbitrarily and denote M, = sup,|K(x, Az)|. Then by the absolute 
continuity of a Lebesgue! integral, there is a 8220 such that 
1 


! M, J |f) ] dece im 


whenever E, is a measurable set died in [0, o») with measure mH,<8, By Lusin's 
theorem, there exists a continuous function g,(x) defined cn [0, oo) such that 


mE(g.)- (s, Az) «8, sup| gals) | <Ma. 


Let us now take E,i= E(ga(x)#K(z, Ax)). Then from (7) we obtain 


<2s, 











f f(a) Ke, Az) ~ gala) jds 
E. 
Henoe it follows that = 


fretis a) - las 
0 








<2, (8) 


Similarly, by means: of Lusin’s theorem in the 2-dimensional case [McShane (1944), 
pp. 280-287] and by the absolute continuity of a double integra', we have a bounded 
integral, we havea bounded continuous function -H,(z, y) defined on the plane region 
xro, Syv such that 


«3. (9) 








"jode frena- f "Jedz f Bio àv 
0 ' “o 0 0 


Here H,(z, 0) = H,(e, w) and the definition of H,(z, y) in the whole region 
0<r<co, 0<y<co can be completed by the periodicity of y, that is, we may define 
H (æ, ytkw) = H,(z, y) for k =1,2,...... , (0<y<w). Note that line segments are cf 
9.dimensional measure zero and that the value of a double integral is unaltered when its 
integrand changes value on any set of measure zero. Hence by the absolute continuity 
of an integral, we can algo! choose the bounded continuous function H,(z, y) to b» identi- 
eal with gi(z) along the line y = Ax with (9) still holding. 


| fe \[ K(x, Az) — H,(z, Az) ]dz 





« 9e. 





Moreover, by means of (6), we me may choose A, >A, so large that the following 
inequality 


| I NaH (m, az dæ- 1 f “da ji "Bis, ay|< (10) 
P [^] 0 0 


0 
holds whenever A > A,. ` Thus by comparing (8) with (10) and (9), we find for alA>A,, 


(pele, rayde—! fiede [ Ee, yay 
Pre eee UTR IUR 








<8e+ oe 
w 
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Consequently we have 


lim "f) Ets, Az) = 2 Wael Kenai: 
A+ o 0 id | 


0 
The case J can be treated in exactly the same manner. Hence our theorem is 


-0 


proved. 


As is easily seen, it is possible that a 2-dimensional measurable function K(z, y) is 
not linear measurable for y= Az. Hence the condition concerning the measurability of 
K(z, Az) for all large A cannot be omitted in-our theorem. 


8. Application. As an immediate consequence of the theorem, we have 

Corollary. Let K(x, y) by bounded and continuous on ~co<r<oo, 0<y<w and 
be periodic with period w in y. Then the formula (1) holds for any f(x) belonging to 
L( oO, eo). 

In particular, if we take K(z, y) = F( cos y, sin y) and assume 


Plz) = F(s(2-- 27!), ain ; 


to be an analytic function of 2 on |2] «1, the formula (1) yields 


lim f f(z)F(cos Az, sin Ax)dz -Lf fx)dz f cos y, sin y)dy 
+o T 
-@ -@ 0 


= | f DN f $(s)«-tde). (11) 


circuit | s | e 1 Lea] 
This formula can be used for the evaluation of certain limits, e.g, 


b b 
: cos? (BAz) a 1,(1-70t»* x 
© m : 1— 2p cos(2Az) qp ia i( 1-p )f (cds, 





Nw à i Tos 
(ii) lim | f(x)e àz cos (nAz —sin Az)dz =i f f(z)dz, 


à+ 
where f(z)€L(a, b), 0< p«1 and n is any positive integer. 
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ANHARMONIC PULSATIONS OF TWO-PHASE : 
HOMOGENEOUS MODEL 


Bv 
B. S. Jam & Pyare Lar, Delhi, 


(Communicated by P. L. Bhatnagar—Received July 8, 1955) 


abstract. In this paper, the anharmonic oscillations of a two-phase homogeneous model, consisting 
of a homogeneous core surrounded by an envelope of uniform density, have been studied. The core radius is 
taken to be half of the total radius of the model and the core density ia taken. to be 10 times the envelope 
density. Forthis model the period of ogcillatisn for the fundamental mode 13 about double (in fact 2.18) the 
Tei1od of the first mode, Because in this case we expect considerable skewness, Ths problem 13 solved using 
numerical method and itis found that for surface amplitude equal to .05, the skewness in the velocity-time 
curve is 1,48 and the increase in the period ıs 1.2% of the period forihe fundamental mode for vanishing 
amplitude, f 


nr 1. Rosseland (1948) developed the genera! theory of anharmonic pulsations in order 
lo explain the observed skewness in the veloeiby-time curve for Cepheid variables. Sub- 
sequently Bhatnagar and Kothari (1944) obtained for homogeneous model, period and 
skewness for any value of amplitude taking the ratio of specific heats v = 5/8. C. Prasad 
(1949) studied the anharmonic oscillations of homogeneous and inverse square model and 
Kushwaha and Bhatnagar (1951) for Roche Model retaining second order terms in 
the eq. of motion. The skewness as expected, due to the lack of resonance between the 
fundamental and the higher mode, is appreciably low. 


In the present note we shall consider the two-phase model of a homogenous compre- 
ssible core, surrounded by an envelope of small unifom density ‘introduced by Bhatnagar 
(1945) with a view fo study the effect of central conden:ation on skewness and period. 
However, he worked out the problem strictly for uniform oscillrtions. Recently C. 
Prasad (1923) has studied the general oscillation problem for this -aodel for vanishing 

amplitude. In order (o see how the resonance between the fundamental and the first 
mode affects the skewness, we take the ratio of core -densily to envelope density ien and 
the ratio of the coru radius to the total radius of the model one half, for which the ratio 
of the period of the fundamental mode to that ofthe first mode 18 2. 18. After calcula- 
ling the amplitude and its derivative more accurately than given by C. Prasad, we 
proceed to study the anharmonic pulsations by the method of numerica; integration. 


2. Equations of motion. Assuming the oscillations to be edialatic the equation 


of motion ig 
ERES) 
T Oot On Do p I l (1) 
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where r denotes the distance from the centre, ea, Pos Jo and ro are the equilibrium values 
of density, pressure, gravity and distance from the centre, y the ratio of specific hests; 
dashes denote differentiation with respect to r, 


If now we write 


7 = Toll +a) 
which gives : " . 
T =r and T — lare 


equation (1) becomes for finite amplitude 
Qoo = — ü T n)? x [po(t + nara tat "on )7] — obo (1 T 4)? (2) 


As suggested by Rosseland we expand « in the form of the series 


n= Enn) alt) (8) 


where ng’s are the orthogonal eigenfunctions corresponding to the eigen-values 2m/e, for 
the harmonie oscillations and vanishing amplitude case and q;’s ate unknown functions of 
time which are to be delermined from equation (2). We normalize ng’s to unity nt the 
surface of the star so that the displacement at any time at the surface will be given by 


7c ? qalt) (1) 


We substitute y from (2) in (8), expand the right hand side in power of q,’s and 
neglect the powers of g higher than the second considering the oscillations to be small. 
On multiplying the resulting equation by To 4x and ‘integrating from the centre: r, = O to 
the boundary r,— E of the star we obtain 


d? ` 

225 gig, -z—Í.[X€Daqg?22Dqu3q:3] (5) 
dc Tı Iy rj 1: : 
"whore RAE l l (8) 
T 2 
Bı = à (7) 
and R 

I= J £o Tong dr, - (8) 


0 


4 UE m 
Da = (5.5 Joven f parnm drs 
0 


R 
+4(8y—1) f Poto (nen rk +7 ann Et nhn gra dio | 
A ; 


Te 2 
*d 1 | Poro a’en’ynledto cd (8) 
o i 
where 1, j, k take all positive integral values. 
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The valus of qz’s as solutions of equation (5) are obtained in the form of Fourier 
Series 


dı = lo +Q, cos nr Fd, cos 2nr t a, cos nz b... us V E 
dae 
qa = bo +b, cos nr +b, cos 2nr b, cos BAT +... ua LL } (0) 
1 
da = Co +C, cos NT +C} COS 2nr 04 cosBnrt+... Lus ss J 
Thus we get the constants dy, Gi, Qas ...... sau Du bas Ogris: and Co, Cy, C3, Cs... 


in terms of one constant say a,, and there by 4 as function of time. a AG B 


8. The two-phase homogeneous model. We take a model consisting of a <cmpres- 
sible core of uniform density e, surrounded by an envelope of uniform density c, and 
suppose the core extending to b E the radius of the whole star being R. 


The differential equation of small adiabatic radial oscillation of a star 


d’ nr, 4—p Ane . (zai zk) " 

ducam ap ce MONS uy) 
where Bh = Jo lofo] Do 
and a = 8-4/7, 


reduces for the core and the envelope to the form 


12. -a 
Mra 2E EE 09. Oa + Ta = 0 ean.) 
anl 
, Lr if 2 BK - 4(1— k^)z — 0z* en gs yE 
whore w= t/R 


eor 
wapi ()h-v« e -1j 


BoE : Š 


mGy 0 * 





J’, = log [25G-46 — 2a 


The æ solution of (12) satisfying the requisite boundary conditions at the centie o 
the star can be expressed in ‘terms of hypergeometric function : 


n= A PAS +3(2 En). P ae. sf] 
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The value of e; 1s so adjusted such that sx and +/:/7, are continuous across the 
interface to ensure the continuity in amplitude and pressura there, 
We take tlje partieular model ior which 
b=.6 
elo = 10 


as the ratio of the time period of the fundamental to that of the Ist overtone in thi 
case is 2.18 


The values of ex's fcr the Ist three modes as given by C, Prasad (1953) ave 





1 A 
= — ŷr t 
T, "5021 2z(Go, 6n) 
U, = 1 9z(Go[6z)1 
E *2802 
= Qn(G 
x: i od 


o here refers to the mean density of the star. 


With the help of these values of o1’s we evaluate zs and s'j's from the solutions o 
equations (12) and (13) for the first three modes correct to four places of the decimal, 


We consider tho Ist three modes for which equations (3) can be written 





1? ] 
"S +9, >= ag Pint +2D afila t 2D151919s], | 
di 
Lu + Bala ple ED usd. + 2D 959142 + 2D 1504195 |) | (14) 
dr ol, 
ay Y | 
2 tB og [Diisi + 2D iodat 2D 1559145 |. 
dr ol, 


The terms contaming q,7, qa? and q,q, have been neglected as their contribution 
will be found to be very small. On evaluating the coefficients Dy, and J, for y = $ from 
the columns of ne and +’, by means ot numerical integrations equations (14) reduce to 

d, d, = 2°57867q,2 — 402808q,q, — 000969 ,95 \ 
ds +4 7620qq, = —1:4004229,? + 2690452q,q,; + 6° 13406q,q, (15) 
q, + 13°35038 = — 60144004, + 25:379149,9, + 126°530004,q, 


Substituting (10) and (15 we obtain the coefficients . a,, do, @y,...5 bg, 0, Ogre 3 
Co, Cy, Cain term of a, which is chosen to be ‘05, by the iteration process which i> 
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repeated five imes to ensure the convergence of the coefficients. That 


gives the solutions 
of (15) as 


qı = 00088580 + 0°05 cos nz —0'0011258 cos nz — 0 0000176 cos 3n ] 
qa = —0'0005198 — 0:0008462 cos nz — 0002011 cos 2n + 00004002 cos nr | (16) 
gs = —0'0001290 — 0'0003806 cos nr — 00004385 cos 2n: — 070004408 cos 8n 


Where n? = 097705 
The !otal displacement at the surface of the star will be 
(BR) = qe = 0002704 4-0:048778 cos nr —0°0044707 cos 2nr — 0'0^02920 cos 8nv 


For mean amplitude ‘05 the skewness in the velozity time curve is found to be 


1'426 and the increase in the period to be 1 154% of the period for the fundamental mode 
for van shing amplitude. 


The following graphs represent amplitude and velocity at the surface as functions 
of time. 


M 


48 





Fig. 1. The graph represents the surface amplitude ag function of time. The 
abcissa represents 2z1/P, where P is the period of pulsation and ordi- 
nates represents surface amplitude ner). 
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Mea 








Fig. 2. The graph represents the velocity at the surface as function of time. 
The skewness AB/(OA+ BC) of the velocity-time curve is 1.426. 
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